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Coherence-enhanced quantum-dot heat engine

Jaegon Um®,"" Konstantin E. Dorfman®,>3* " and Hyunggyu Park ©3-6-%
' Department of Physics, Pohang University of Science and Technology, Pohang 37673, Korea
2State Key Laboratory of Precision Spectroscopy, East China Normal University, Shanghai 200062, China

3Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan, Shanxi 030006, People’s Republic of China
4Himalayan Institute for Advanced Study, Unit of Gopinath Seva Foundation, MIG 38, Avas Vikas, Rishikesh, Uttarakhand 249201, India
3School of Physics, Korea Institute for Advanced Study, Seoul 02455, Korea
SQuantum Universe Center, Korea Institute for Advanced Study, Seoul 02455, Korea

® (Received 7 December 2021; accepted 2 August 2022; published 25 August 2022)

We show that quantum coherence can enhance the performance of a continuous quantum heat engine in the
Lindblad description. We investigate the steady-state solutions of the particle-exchanging quantum heat engine,
composed of degenerate double quantum dots coupled to two heat baths in parallel, where quantum coherence
may be induced due to interference between relaxation channels. We find that the engine power can be enhanced
by the coherence in the nonlinear response regime, when the symmetry of coupling configurations between dots
and two baths is broken. In the symmetric case, the coherence cannot be maintained in the steady state, except
for the maximum interference degenerate case, where initial-condition-dependent multiple steady states appear

with a dark state.
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Introduction. Quantum thermodynamics is an emerging
field in view of the significant progress of technology which
allows one to scale down heat-energy converting devices to
nanoscale where quantum effects become crucial [1]. Exam-
ples of such quantum heat engines (QHEs) include lasers,
solar cells, and photosynthetic organisms, where, along with
a few-level quantum structure [2-4], a phenomenon of quan-
tum coherence plays an important role [5—10]. In particular,
coherence in system-bath interactions that originates from the
interference may enhance the power [11-13] and efficiency
at maximum power [14] of the laser and solar cell and is
responsible for highly efficient energy transfer in photosyn-
thetic systems [15]. These effects have been confirmed in the
experimental studies of polymer solar cells [16]. The noise-
induced coherence is different from the internal coherence
in the system Hamiltonian [17], which was recently demon-
strated in the nitrogen-vacancy-based microscopic QHE in
diamond [18], and manifests as an improved efficiency in
spectroscopic pump-probe measurements [19].

So far, the majority of quantum coherence effects has
been studied in continuously working bosonic devices
[11,12,14,15,20]. Here, we focus on the fermionic QHE au-
tonomously working without an external source, such as
driving laser, made up of repulsively interacting double
quantum dots with the degenerate energy levels, coupled to
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fermionic baths in parallel, depicted in Fig. 1. In contrast to
previous studies [21-24], we introduce a parameter for the
strength of interference between relaxation channels, which
plays a crucial role. We derive the condition for maintaining
quantum coherence in the steady state and investigate the
engine performance, controlled by the tunneling coefficients
between dots and baths and the interference strength.

We find that the power enhancement of the QHE can be
achieved in the nonlinear response regime [25]. When cou-
pling configurations assigned to each bath are symmetric, a
quantum coherence initially induced by interference between
relaxation channels would eventually disappear in the long-
time (steady-state) limit. The exceptional case emerges for the
degenerate energy level configuration at the maximum inter-
ference strength, when the dynamics is found to be localized,
manifested as a mathematical singularity in the evolution op-
erator evoking the so-called dark state [26], characterized by
multiple steady states with finite quantum coherence depend-
ing on a given initial state. This singularity also emerges in
more general settings with coherent dynamics originated from
the energy-level degeneracy and parallel couplings, including
a single bath case. Note that a spurious quantum coherence
can be observed for a very long time (quasistationary state
regime) near the maximum interference.

When the coupling configuration symmetry is broken in
terms of either tunneling coefficients or interference strengths,
a genuine new steady state emerges with nonvanishing quan-
tum coherence, producing a quantum current between two
baths through dots in addition to the conventional classical
current. This quantum current yields an extra contribution to
the engine power, which can be positive in a specific parame-
ter regime.

Model. We first derive the quantum master equation (QME)
[27] for the density operator ps(f) of the fermionic QHE in the
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limit of weak coupling to hot (h) and cold (c) baths, where
a temperature difference 7, — 7. > 0 and a potential bias
Ue — pun > 0 are applied. For simplicity, we assume a single
energy level for each quantum dot with the degenerate energy
levels £y = E;, = E and infinitely large repulsion between
particles in dots. The system then can be described using three
two-particle eigenstates: |0) denotes empty dots, and |1) and
|2) stand for the occupation of dots 1 and 2, respectively, by
a single particle. In addition, coherent hopping between dots
is also forbidden and the only source of coherence is due to
coupling to thermal baths.

The interaction between system and bath a(= h, c¢) is given
by I-7§‘B =D ux g‘[‘,kIEZ”O) (d| + H.c., where IQZT is the operator
creating a single particle with momentum k in bath a, and g%,

J

a a a a
Wiy ¢¢wi wy,

ak a a a
¢V wi wy, W

where w(, represents the transfer rate of a particle between
dot d and bath a; the subscript + (—) denotes the inflow
(outflow) with respect to the dot. These rates are given by
wy, = 271|gf1|2N“ andwj_ = 27T|gf‘1|2]w, where g% = g4(E),
N¢ = N%(E) is the Fermi-Dirac distribution in bath a and
N4 =1 — N (see the derivation in Sec. S1 of the Supplemen-
tal Material (SM) [30]).

The off-diagonal terms in Eq. (2) represent interference
between particle transfer associated with different dots. The
interference effect is manifested as the nonzero off-diagonal
terms of pg, e.g., (1/ps|2) # 0. The coherence may not vanish
even in the long-time limit due to the degeneracy; otherwise,
it could be washed away under the RWA. In realistic exper-
iments, however, the energy levels fluctuate in time due to
fluctuations of gate voltages, which is not included in the sys-
tem Hamiltonian. One expects that energy fluctuations around
the degeneracy will result in partial coherence or dephasing
[31], which can be phenomenologically added to our QHE
model. Considering an observation of the exponentially de-
caying coherent current in a quantum-dot experiment [32],
we introduce a phenomenological parameter ¢ represent-
ing a dephasing effect due to fluctuating energy levels in
Eq. (2), assigned to each bath and which can be estimated
experimentally (see Sec. S1 C of the SM [30]); |¢%] =1
stands for permitting the full interference of relaxations with
bath a, while ¢* = 0 corresponds to no quantum effect of
system-bath interactions. In earlier bosonic QHE models, ¢
is governed by the angle between dipole moments corre-
sponding to two dots which ensures that |¢¢| < 1 [11]. For
convenience, ¢ is treated as a real number. Note that the
second term in Eq. (1) is a standard form of the quantum
dynamical semigroup [27], which guarantees the positive and
trace-preserving dynamics since I'* in Eq. (2) is the positive-
semidefinite matrix for |¢¢]| < 1.

To solve the QME, it is
map the density operator to a

convenient  to
vector: P =

is the tunneling coefficient between dot d(= 1, 2) and bath
a. After tracing out bath degrees of freedom with the Born-
Markov and the rotating wave approximations (RWA) [27,28],
we obtain the QME which reads [29]

4

dps=—ilHs, ps1+Y_ Y Faﬁ(LapsL;— E{LﬁLa,ps})
a «o,f=1

e))

where the system Hamiltonian is Hs = E(|1)(1] + [2)(2]) and
the Lindblad operators are L; = [1)(0], L, = [2)(0], L5 = L],
and L, = ﬁ; . Note that we neglected the Lamb shift term (see
the Supplemental Material [30]). The dissipation matrix I'* is
given by

0 0
0 0
a ax a a ’ (2)
wi_ o Jwi_ws_
N
[
(000s P11+ P22, P12+ P21, P01, P02, Pl0s P20) T,  where  p;; =

(i]ps|j). The last four components vanish in the long-time
limit because there is no dynamics producing the coherence
between the empty and occupied states so that only dephasing
is allowed, as seen in Sec. S2 of the SM [30]. Thus, we write
the corresponding Liouville equation as

3P =LP, 3)

where L is a 5 x 5 matrix with the reduced vector | P=
(P00 P11, P22, P12, p21) T Introducing Wy = 3°, wi,, Wy =

Za wZ—’ ¢ = Za ¢a\/ wtll-ﬁ-wg-ﬁ-’ and 6 = Za ¢a\/ w(]l—wg—’

the L matrix then reads

W -W, W, W, [ )
14 -W, 0 —d)2 —9/2
L= W, 0 W, -2 —9/2
® 32 —d2 Wil 0
T FS Wi4+W,
o —-®/2 —d)2 0 =

C))
Steady-state solutions. From the steady-state condition,
LP(0c0) = 0, we find the relations as

WiW, — ®(Ws + Wy — Wp)p2(00)
W1W2 +W1W2 +W1W2

W Wy — @(W; + W — Wa)p1a(c0)
WiW, + W W, + W W,

p11(00) =

’

&)

022(00) =

with the population conservation (pgy + p11 + 022 = 1) and

20 — 2 + P)[p11(00) + p2(00)]
W1 + Wz .

P12(00) = p21(00) =
(6)

Note that the classical solution is recovered from Eq. (5),
when the coherence term vanishes [pj2(c0) = 0]. This clas-
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sical incoherent condition is determined by Eq. (6) as
20W Wy — (W, W, + W Wh) =0, @)

which is obviously satisfied for the trivial case with ® = ® =
0 (or, equivalently, ¢* = 0). Note that the equilibrium case
(T, = T¢ and u, = ) also satisfies this incoherent condition
due to W; /W, = ®/® with N = N°.

In general, Egs. (5) and (6) leads to a 2 x 2 matrix equa-
tion for p1; and py, as

L (pn(oo)) _ (Wl - 2D®)/(W, +W2)>’ ®

p22(00) Wi — 20®)/ (W) +W»)
with
= D(29+9) D(2d+P)
L (M WM S
58 D(20+3) . 9(2049)
W“mSmn MW SaE

©))
Unless the determinant |Lg| vanishes, the steady-state solu-
tion is uniquely defined, which is given explicitly in Eq. (S29)
of the SM [30].

We next consider a special r-symmetric configuration
[22], where the couplings are symmetric for both baths, i.e.,
& /g = g5/¢; = r, leading to w§, /w{, = r*>. We take r > 0
for simplicity. Assuming an additional symmetry for the co-
herence parameter as ¢" = ¢° = ¢, one can show W, /W, =
®/® even in nonequilibrium (N" % N°), satisfying the in-
coherence condition in Eq. (7). However, at the maximum
interference (|¢p| = 1), the matrix Ly becomes singular with
|Lss| = 0 and multiple steady-state solutions emerge, which
will be discussed later. With the broken symmetry (¢! # ¢°),
the quantum coherence survives with a nonclassical solution
[p12(00) # 0]. In a more general case with gb/g" # g5/gS,
the classical solution is still possible by adjusting ¢" and
¢° appropriately to satisfy the incoherent condition, but Lg
cannot be singular.

Steady-state currents. A particle current Jj representing the
time increment of the particle density of dot d due to bath a
can be obtained from Eq. (1) as

P12 + p21 ) (10)
2

In the steady state, J§ should be balanced by two reservoirs
such that Jf}(oo) = —Jj(00) = Js(00) and the total current
is given by J =), Js(c0). Transferring an electron from
bath h to bath c, the electron gains the energy governed by
the difference between the chemical potentials p. — up, and
thus the QHE power yields P = (. — pn)J. As the heat flux
from bath h is given by Qh = (E — un)J, the QHE efficiency
does not vary with the particle current as n = P/Q" = (ic —
Hn)/(E — pn).

The particle current can be further separated into the clas-
sical and the quantum parts as

Ja(00) = I + Wy p1a(00), an

where ¢ = 0 is set for the classical part in Eqs. (5) and (10)
as

Ji = wy o0 — wi_ pas — ¢ Jui_uwg_(

AN
Lol

AN
Lol

cl
=

@ 2|58 Wi,
(12)

QP |d | W, Js'=

My seawommme:

FIG. 1. A schematic illustration of the QHE, composed of two
heat baths and a two-dot system. The dot energies, E; and E; (in
this work, E, = E»), are higher than the chemical potentials, , and
M. wy, represents the transfer rate of a particle between dot d and
bath a, and ¢“,/w{ w3, denotes the interference amplitude. Inset: A
circuit analogy of resistors in parallel.

with the external (bath) bias AN = N — N¢ and |Lo| =
WiW, + W W, + W W5 [Ly = Ly (¢ = 0)], and J$' > O en-
suring the positive power requires AN > 0.

The second term represents the quantum current J; =
W, p12(00), induced by the coherence, and quantum speed
W, and pjp(oc0) are given in Sec. S3 of the SM [30]. Note
that the quantum current for each dot can be both positive
and negative, depending on the parameter values, as well as
the total quantum current J9= )", Jg (see Fig. S1 of the SM
[30D.

As p12(00) is also proportional to bias AN, the QHE can
be viewed as an analog of an electronic circuit with parallel
resistors R; and R, under the external potential bias (see the
inset of Fig. 1). The conductance o, of dot d is defined by
the Ohm’s law of J;(c0) = 0,AN, which is the reciprocal
of resistance as oy = R;l. The conductance is also divided
into the classical and quantum parts as o; = 051 + a; from
Eq. (11). The classical part o§! is always positive, while the
quantum part can be either positive or negative. In Fig. 2, we
plot the relative quantum conductance o,/ /0S' in the (¢°, ")

(b) o lcj!

¢C

FIG. 2. Relative quantum conductances of (a) dot 1 and (b) dot
2, denoted as o)'/o{! and o, /05!, respectively, in the (¢¢, #") plane.
Here, we used N" = 0.2 and N° = 0.1, and the r-symmetric configu-
ration with |g¢|> = 87 /(1 + r?) and |g4]* = 877 /(1 +r*) atr = 4.
Along the line of symmetry (purple), pj2(c0) =0, while ¥, =0
defines the black line. The quantum conductances vanish along both
lines. Note that a back flow [J;(c0) < 0] occurs near ¢" = —¢° =
+1 in (a), where the negative quantum current overmatches the
positive classical current.
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plane in the r-symmetric configuration. Near but off the
symmetric line of ¢" = ¢°, we find the total quantum conduc-
tance 09 = > 4 03 > 0, which means that the performance of
the QHE can be enhanced beyond the classical limit in this
parameter regime.

For small AN, we expand the relative quantum conduc-
tance as

0/of =8y +SyAN + -+, (13)

where SY ~ —(¢" — ¢°)?, 89 = 8V/r%, and S} ~ ¢"(p" —
¢°) for the r-symmetric configuration (see Sec. S3 of the SM
[30] for details). Interestingly, o is always nonpositive in
the linear response regime (SY < 0), but may become posi-
tive due to S}i in the nonlinear regime as AN increases for
¢"(¢" — ¢°) > 0. Note that 3(11 can dominate over 32 near the
symmetric line (¢" = ¢°). For r > 1, the negative quantum
effect (89) is relatively stronger for dot 1, which has a weaker
coupling with baths, as also seen in Fig. 2, which might be
applicable to a filtering circuit.

Although p>(00) becomes finite off the symmetric line
(¢" # ¢°), the quantum current may vanish again when ¥, =
0 in Eq. (11), which is denoted by black lines in Fig. 2. This
can happen by balancing the quantum contributions from the
stochastic part and the interference part, which are represented
by the first two terms and the third term in the right-hand side
of Eq. (10), respectively. The quantum enhancement occurs
only between two lines of W; = 0 and p;,(c0) = 0. For gen-
eral cases outside of the r-symmetric configuration, these two
lines are simply tilted (see Fig. S1 in the SM [30]), but the
general features of the QHE are essentially unchanged.

Coupling-configuration symmetric case. We focus on the
symmetric case with " = ¢¢ = ¢ in the r-symmetric config-
uration, where W, = r?W,, W, = r’W,, ® = r¢W,, and ® =
r¢W i, yielding Wy /Wy = ®/®. Then, the QME in Eq. (1)
can be reduced to the single effective bath case, defined by
a single coherence parameter ¢ and a rate W;. A single bath
typically enforces the system to reach a classical equilibrium
state in the long-time limit. However, with degenerate energy
levels, the off-diagonal (coherent) terms in the dissipation
matrix I' in Eq. (2) cannot be ignored even under the RWA.
Thus, these coherent terms slow down the quantum dynamics
significantly (|¢| < 1), approaching the classical steady state
via a long-lived quasistationary state with nonzero coherence.

We first calculate the eigenvectors v; and the corresponding
eigenvalues A, of the Liouville matrix L. Details are given in
Sec. S4 of the SM [30]. We find the steady-state eigenvector
v = (@, a,a,0,0)withi; = 0, wherea = W; /W, + W)
and @ = 1 — 2, which corresponds to the classical fixed
point. Other eigenvalues are negative except for |¢| = 1, and
thus the classical fixed point represents the unique steady
state. At |¢| = 1, however, another eigenvector v4 also has
the zero eigenvalue, allowing multiple fixed points spanned by
vi and v4. Note that |Ly| = (1 — ¢*)QW, + W)W, from
Eq. (9), which vanishes at these singular points of |¢| = 1.

Defining a matrix V = (vq, V2, V3, V4, V5), the formal so-
lution for P(¢) reads

P(t) = V(1, x2™, x3e™, xae™, xse™)7, (14)

P11 ¢
0.2 8

0¥ . . >
0 0.1 0.2 P12

FIG. 3. Dynamic trajectories starting from (p1,, p11) = (0, 0) for
various ¢ with r =1, W; =0.25, and W, = 0.75, yielding o =
0.2 and o = 0.6. Numerical data are denoted by various symbols
for ¢ =0,0.2,0.4,0.6,0.8,0.9,1 (from left to right). The time
interval between the same symbols is set to be 0.2 and the gray
arrows denote the direction of the dynamics. The classical fixed
point is at (o012, p11) = (0, 0.2), while the coherent fixed point is at
(0.125,0.125).

where x; depends on the initial condition P(0). At |¢| = 1,
A = A4 =0, the steady state P(co) depends on P(0). In
Fig. 3, we display typical dynamic trajectories in the (p12, p11)
space with r = 1, starting from the empty initial condition of
0ij(0) = 0 except for pgo(0) = 1. As expected, all trajectories
end up in the single (classical) fixed point in the long-time
limit except for |¢| = 1, where the new coherent fixed point
appears with pj2(co) # 0. Note that the dynamics for ¢ < 1
detours around the coherent fixed point for a significantly long
time (quasistationary state), approaching the classical fixed
point, which allows for experimental observation even in the
presence of small decoherence.

The additional zero eigenvalue (A4 = 0) at the singular
points (|¢| = 1) implies another conservation law in addition
to the probability conservation. Specifically, we find 72p;; +
P2 —rp1p —rpo; =0 for ¢ = 1 from Eq. (4), or rzp”(t) +
p22(t) —rp1a(t) — rpy(t) = Iy for all time ¢, where I is
a constant determined by the initial condition. We obtain
the steady-state solutions using Eq. (5) and the conserva-

L=2/] p12(00) and

tion law, written as p1;(00) = o — [ra —

p(00) = a — [& + =1

a] p12(00), with

1 I
pia(o0) = pu(00) = s (e = 17g). (19)

-« 1472
which depends on the initial state. In Fig. 3, we set r = 1
and Iy = 0, so the coherent fixed point is determined by the
intersection of two lines, p;; = p12 and p1; = @ — &@p;». For
Iy # 0, the coherent fixed point is shifted along the curve
of p11 =« —a&pjp. The case of ¢ = —1 yields the same
results except for changing the signs of pj; and pp; (see
Eq. (S61) of the SM [30]). Note that the coherence can be
finite and initial-state dependent even for AN = 0 (equilib-
rium). This may raise a doubt that the quantum current J:}
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might not vanish in equilibrium, which is not the case since
the quantum speed W, is proportional to bias AN (in fact,
W, = ¢(H2) IS in Eq. (S62) of the SM [30]). The relative
quantum conductance can be positive even in the linear re-
sponse regime, i.e., 82 can be positive, depending on the
initial state.

The phenomena of multiple fixed points responsible for
a dark state emergence are observed in both fermionic [22]
and bosonic [26,33] systems. Here, the system state can be
recast in a rotated orthonormal basis as |0), |[+) = (|]1) +
ri2)/N,, and |=) = (r|1) — |2))/N, with N, = /1 +r2.
Then, the system Hamiltonian is given as Hs = E(|+)(+| +

A

|[=){—1) and the interaction Hamiltonian becomes Hgy =
N g‘{kl;ﬂO) (+| + H.c. at the singular points. Note that
the state |—) remains unchanged under the evolution operator,
which corresponds to the dark state at ¢ = 1, i.e., any initial
population in the dark state remains intact or (—|ps|—) =
(rz,o” + p —rpp — r,02])/N,2 should be conserved. We
can easily extend our result to the degenerate multiple dots
with multiple occupancy allowed. As the dark state decouples
with baths, it may be useful to protect quantum information
from decoherence [34].

Note that the Lindblad description of degenerate quantum
dots coupled to a single bath also yields multiple steady states
with coherence at the maximum interference, in contrast with
the common knowledge that a system coupled to a single bath
should reach the incoherent thermal equilibrium, regardless
of its initial state. Thus, the phenomenological parameter ¢ is
natural to guarantee the thermal steady state for |¢| < 1. Near
the singular points, one may observe a long-living quasista-
tionary state with the information of initial-state-dependent
coherent solutions.

Conclusion. We investigated all possible steady-state so-
lutions for the continuous quantum-dot QHE coupled to
terminals in parallel for various tunneling coefficients and
interference strengths. Here, the interference strength plays a
similar role of the alignment of dipoles [35] in the bosonic
system and acts as a source of decoherence. We found that
unless the interference is completely negated, the steady states
possess the coherence, which generates an extra quantum
current, resulting in the enhanced QHE performance in a
specific region of the parameter space, where the nonposi-
tive linear quantum conductance is overcome by nonlinear
contributions. We remark that a fine tuning of the parameter
values is necessary for a significant enhancement such as the
near symmetric coupling parameters. More enhanced QHE
may require further investigation for the origin of nonlin-
ear quantum conductance. Recently, the single-quantum-dot
(fermion) heat engine was realized experimentally [36]. Since
double-quantum-dot systems coupled to baths in parallel have
been studied experimentally [37-39], the parallel-double-dot
engine is also expected to be synthesized to confirm the en-
hancement of the QHE performance by thermal noises.
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S1. QUANTUM MASTER EQUATION
A. Model

We start with the Hamiltonian for the system (quantum dots) interacting with heat baths, which
are given by

H=Hs+ Hy + Hyg , (S

where I:Is, Hg, and I:ISB denote the Hamiltonians for the quantum-dot system, heat baths and
interactions between the system and baths, respectively. The Hamiltonian of double quantum dots
is given by

Hs = EldAIdAl + Eszszz + E]z(/l\ird/\ld,\;d,\z s (SZ)

where E| and E, denote energies for dot 1 and dot 2, respectively, and E, is the Coulomb repulsion
between electrons at dots. In the case of the degenerated dots, E; = E, = E. Here d, (a?;) is
the fermionic operator annihilating (creating) a single particle at dot d. We assume that only a
single spinless fermion is allowed for each dot. Note that coherent hoppings between dots are not
allowed.

The bath Hamiltonian is the sum of each bath Hamiltonian FI{; of bath a , which can be also

written in terms of fermionic operators as

Ay= ) Ay=> Zwk b he, (S3)

a=h,c a=h,c

where l;Z (lA)ZT) denotes the operator annihilating (creating) a particle with momentum k and energy
wy in bath a (for simplicity, we assume here that the momentum is a scalar variable). The interac-
tion Hamiltonian Hsg is also the simple sum of the interaction Hamiltonian FI;‘B for each bath a,

which is also expressed with the fermionic operators as

HSB_ZHgB_ZZngk be'd, + h.c., (S4)

a=h,c a=h,c d=1,2

which describes an electron hopping between dot d and bath a with a coupling strength g9, =
gi(wy), depending on the momentum or energy.

In the limit of Ej, — oo (infinite repulsion), the simultaneous occupation at both dots is pro-
hibited, thus the system state can be described with the three orthonormal bases of |0) (empty), |1)

(single occupation in dot 1), and |2) (single occupation in dot 2). Then, the operator d; at dot d
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can be replaced by a jump operator |0){d|. Using these bases, we rewrite

As = El0X0| + E1X1] + B2, Hsp = Y > g4 B10)dl + h.c. (S3)

a dk

where Ej means the empty-state energy (here, we set Ej, = 0).

B. Derivation of the QME

We derive the QME with an assumption that dots and baths are weakly coupled [1]. Instead
of exploiting fermionic operators of dots, used in previous works [2H4]], we use the jump oper-
ators. Starting from the von Neumann equation of the total system, 9,06 = —i [ﬁ , ﬁ], where p(?)
is the density operator in the Schrodinger picture, the system dynamics expressed by the reduced
density operator, ps = trg O, is obtained by tracing out the bath degrees of freedom in the total
system dynamic equation. In the weak coupling limit where the interaction Hamiltonian is small
in comparison to the system and bath Hamiltonian, it is convenient to take the interaction picture,
where p/'(f) = el As+He) p(p)eitHs+He)t with p(r) = e7p(0)e’™. Then, the von Neumann equation in
the interaction picture becomes

g7

o' = ~i|Hyp.p'| . (S6)

where the interaction Hamiltonian in the interaction picture Hj, = ") [ e st jg ob-

tained from Eq. as

Ay = > > [ghe™ bie ™ 10)dl e + huc.| . (S7)

a dk

Using a formal solution, p’(t) = p(0) —1i fot dT[FIéB (1), p'(7)], the equation for pg = trg p’ is written
as

!
Bp(1) = —trg f dr A0, | A, 0/ @] (S8)
0
where the initial condition satisfies trg [FIéB, 0'(0)] = 0. Substituting 7 = ¢ — s, we obtain
!
dps(1) = —try f ds | A0, [Agp(t = 5), 0/t = 9)]|. (S9)
0

Now we take the so-called Born-Markov approximation, where it is assumed that p’(1) ~ p5(1)®

pp with the canonical heat bath density operator,
g = 7 1le™ Sa(A~ptaha )/ Ta , (S10)
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with the temperature T, the chemical potential y,, and the number operator 71, = ), IA)ZTE;‘ for each
bath a, and the partition function Z = trge™ Za(#3-#a)/Ts (the Boltzmann constant is set as kg = 1).
As the total density operator is given in the product form, this assumption implies that each bath
is always in its equilibrium, regardless of the system evolution. This happens when the bath time
scale 73 is much smaller than the system time scale, thus the time scale separation between the
system and baths is taken for granted, leading to the approximate replacement of p¢(f—s) — P (7).
Since the correlation trg | g, (), [ Ay (t = 5), (0] | in Eq. (S9) may vanish for s > 4, the integral

upper bound can be extended to oo, yielding a simpler approximate dynamic equation as

0ipi(1) = ~trp fo ds [ A (o), [ Ayt = 5), 540 @ p ]| (S11)

Inserting Eq. into Eq.(STI), one can write each term in the commutation in Eq. (STI) as

s Ay (VHgp (1 = )50 @ ps = Y| D [Igil (Cis) e 10)(01 + Di(s) €™ )l

ak L d
+ gl Dis) @R (1] + gl Dils) e BB |

(S12)

s Ay (0941 @ puHig(t = 5) = D | X Il (Di(=s)e 5 10Xl sld) (0] + Ci(=s)e™ 1) 0[5 10 |

ak L d
+ g1 (D) BB B 0) I 1)(0] + C=s)e" e | 101410)2])

+ 8558 (DE(=s)e EENeTES 10)(1AU2)(0] + CE (=) e B 2)(0lp4l0X 1)

and the remainders are the Hermitian conjugates of Eqs. (S12) and (S13)). Note that each bath
contributes additively to Eq. (STI). and the correlators for bath a are defined by

Ci(s) = trg ™D e M5 ha py and  D(s) = trg €% b e 5p g (S14)
With the Fock-state description of bath particles in Eq. (SI0)), we find
Cé(s) = NY(wDes* and D{(s) = [1 — N(w})] e i* (S15)

where N, is the Fermi-Dirac distribution in bath a, given as

CXp[—(a) - :ua)/Ta]

N (w) = . (S16)
1+ CXp[—(a) - :ua)/Ta]
Since the integral over time s in Eq. (STI)) yields the delta function, i.e.,
f dse 1 iTEDS = g5(wi - Ey) (S17)
0
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a single mode for each bath satisfying w{ = E survives in Eq. (STI) for the degenerate case with
E, = E, = E. Note that we have omitted the Lamb shift correction, which is the order of E~!,
negligible in the high energy limit.

Changing }, - N f dk with a proper normalization N and integrating over k, we calculate
the transition rates. First, consider the incoherent terms such as |d){0|p5|0){d| and [0){d|og|d){O0|.

For transitions between |0) and |d) due to bath a, the transitions rates are obtained as
wi, = 2xlgPN(E) and w9 = 2n|g‘|*N4(E), (S18)

where N* = 1 — N and 89 = g4(E). Note that g%(E) = g9, with w{ = E. The + sign in Eq. (S18))
stands for the transition from |0) to |d) and the — sign stands for the opposite direction. Now
we consider interference terms such as [0)(2|p5|1){0] or [1){0|p¢|0)¢2|]. Due to the phase factor
exp[+i(E| — E,)t], the interference terms vanish in long-time limit unless E; = E, (rotating wave

approximation). In this work with E| = E, = E, we find the nonvanishing interference terms as

a a +169 a a +16¢
A Wws e and (fwi wj ™, (S19)

where 6“ is the difference of phase angles between g{ and g7, defined as g{"g5 = |gj’||g§|ei(’a.

Defining the Lindblad operators as
Ly =110, Ly =12)01, Lz =101, Ls=10%2, (520)

the dynamic equation for the density operator in Eq. (ST1)) is rewritten as

Oy =) [W‘L (ilf)’sii - %{

a

it (1t s )

a T AT 1’\’\/\/ a T A7 1’\"/\/
TWI (L3PSL§ ) {LTL&PS}) W, (L4PSL1 ) {LZLMOS})

+ . /w‘l’+wg+eigal:1ﬁ’sfg + 4 /w‘l‘+w§+e_imﬁzﬁ’sl:f (S21)
-6 7T ArFT [P N a .a 0|7 ar 7T [P PN
NRVA IR ! (L3PSL4 ) {LzL3’pSO}) * le_wz_elg (L4PSL3 ) {L§L4’Ps})] ’

where {, } denotes the anticommutator. We introduce a phenomenological prefactor ¢, for the in-
terference terms in Eq. (S21)) by replacing ¢! — ¢ with |¢“| < 1 to take into account decoherence
effects by other unknown environmental noises [S)]. Note that the phase difference 6 is absorbed
into ¢“. In the Schrédinger picture with ps(7) = e‘iﬁs’/ﬁ’s(t)eiﬂs’ , Eq. (S21) is rewritten as a matrix
form in Egs. (I)) and (2) of the main text.
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C. Origin and experimental relevance of ¢“

Before solving Eq. (1)), we discuss the origin of ¢“ and its experimental relevance. In the deriva-
tion of Eq. (S21), we assumed the degenerate levels, E| = E, = E, which allows electrons in dots
to retain coherence induced by Eq. (S19) even in the long-time limit. In realistic situations, how-
ever, there may exist fluctuations in energy levels, influenced by uncontrollable external noises,
which may damage the induced coherence (dephasing).

Experimental quantification of the dephasing effect induced by fluctuating energies was re-
ported by measuring the tunnelling current through coherently coupled quantum dots under a
pulse train [6], where the coherent current is reduced by a factor of exp (—Tp / TD) with the pulse
duration time 7, and the dephasing time 7p (see Eq. (2) in [6]). In the experiment, coherent and
incoherent processes are separated in time and the coherent process is allowed while the pulse is
applied during 7,. Thus, given the dephasing rate, the decaying of the coherent current depends
on the duration time of coherent process. By varying 7, the dephasing time 1 can be estimated
by fitting experimental data for the tunnelling current in the above exponential form.

In our model, where quantum dots interact with baths coherently, a single-electron tunnelling
between a bath and dots itself is a coherent process. Every term in r.h.s of Eq. (S21]) can be regarded
as micro currents due to the single tunnellings and thus, interference terms with m represent
coherent currents, which may suffer from dephasing in the presence of energy fluctuations. We
assume that the energy fluctuation is not so strong as to modify transition rates w¢,, whereas it
evokes an exponentially decaying factor for interference terms in functions of the dephasing time
and the coherent tunnelling time. To estimate the tunnelling time, suppose a round trip of a single
electron; starting from bath a, it hops into dots and comes back to bath a. For simplicity, we ignore
the other bath, then the typical time scale for the trip can be obtained by the sum of the inverse
transition rates, i.e. 1/w¢, +1/w%_. The average tunnelling (coherent) time 7 is then estimated as

o~ %max {(27r|gf;|2N“ﬁ)_1 ,(2n|gg|2N“ﬁ)_l} , (S22)
which plays a role of the coherent time 7, in the above example. Then, the interference terms

should be dressed with a dephasing factor ¢“ as

e W ws — ¢t Wt ws, with  [¢¢] ~ exp (=7/7p) . (S23)

From Egs. (S22) and (S23), one can see that ¢* can be controlled through the coupling coeffi-

cient g¢ which can be tuned by adjusting a gate voltage between dot d and bath a [[7]. Similar to the
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above example, it is possible to test the exponential decay form of Eq. (S23) by varying ¢ (actually
&%) in experiments for double quantum dots coupled to baths in parallel [8-10]. It is reasonable to
assume that the dephasing time 7 does not depend on 7 in the same experimental set-up and thus
one can estimate Tp by fitting experimental data into the exponential form. With this information

on Tp, one can investigate the ¢“-dependence of the coherent current in experiments by simply

tuning gate voltages.

S2. EIGENVECTORS AND EIGENVALUES OF THE LIOUVILLE OPERATOR

The density operator can be written in a form of vector: P = (0g9, 011, 022, £12, £21> P01 £025 £105 £20) ' »

with p;; = (i|ps|j). Then, the equation of motion is given by 9,P = L*' P, where the Liouville

operator L™ has a form of
L 0
L' = , (S24)
0 Lirr +E
where the upper 5 X 5 block is given by L = >, L“ and the first term of the lower 4 x 4 block

Lir = 2, L . Each term in the summation is given as

—(wi, +ws) i Wi oUWV W
Wi, Wi 0 " WWE_I2 — W2
L = we, 0 —wj_ —¢™ WG /2 =4 W /2 |
O WL, 0 WWE/2 gt WS /2 — (Wi +w ) /2 0
OV W2 6 V20 ()2

(S25)
- (w‘1’+ +wy, + w‘l’_) /2 =" wiwg_/2 0 0
R W2 = (wh g, s ) /2 0 0
" 0 0 —(we, F g, i) 2 =gt W )2
0 0 —p” WTws_ /2 — (Wi, +wg, +ws ) /2
(S26)
and the second term of the lower block E is
iE 0 0 O
0iE 0 O
E= (S27)
0 0 —iE O
0 0 0 —-iE
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It is easy to see that each 2 X 2 subblock of L has negative eigenvalues only for |¢¢| < 1, thus
Po1s Po2s P10, and po, associated with Ly, will vanish in long-time limit as the pure imaginary E
contributes to a modulation only.

From now on, we focus on the 5x5 matrix L with the reduced vector P = (0o, 011, 022, 012, £21)"s
satisfying the dynamic equation d,P = LP. For convenience, we take ¢“ as a real number. We

introduce collective parameters for the sake of brevity as

Wd:ZWZw Wd:ZwZ_, ®:Z¢“,/w?+wg+, E:ZQS“,/W?_W‘;_, (S528)

and then Eq. (@) of the main text is obtained.
From Eq. (8), we find the steady-state solution by inverting the 2 X 2 matrix Ly, when its

determinant |L| # O as

W1W2 - 6 [2®Wz + 6(W1 - Wz)] / (Wl + Wz)

p11(e) = L] )
Wi Wy — @ 20W, + @ (W, = Wp)| /(W + W,)
p2() = ;
|LSS|
2®W1W2 — 6 (W1W2 + Wl Wz)
P12(00) = pa1(0) = — , (529)
Lol (W1 + W2)
with
Lal = Wi W + W, Wy + W, W, - @ (20 + @), (S30)

and pg can be obtained from the probability conservation of poy = 1 — p1; — p22. This steady-state

solution should correspond to the eigenvector v; of the L matrix with the eigenvalue A4, = 0, where

Vi = (poo(00), p11(00), p22(00), p12(00), p12(e0))" . (S31)

The other eigenvectors and eigenvalues are reported as below for completeness. The two eigen-

vectors, v, and v3, have the degenerate eigenvalues A, = A3 = — (Wl + Wg) /2, where

W, - W, W2—W1)T $32)

v, =(0,0,0,1,-1)" and vs;=|0,1,-1, — —
> = ) ’ ( 20 20
The eigenvalues of the remaining two eigenvectors are the two roots of the characteristic equation

of >+ 24 (W1 W+ W, + V_Vz) + |Lgs| = 0. Thus, we find the eigenvalues A4 and A5 as

—(W1+W1+W2+Wz)iU
5 >

Ays = (S33)
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— — 2
with U = \/(Wl + W+ W, + Wz) — 4|Lg|, where A4 and As correspond to the + and — sign,

respectively. The explicit expressions for v4 and vs are shown as

v _(1 /14(5)+W2+W2—W1 /14(5)+W1 +W1 —Wz 2®+6 2q)+6 )T
45) — s — — s — — ’ — — > — — .
© 2/14(5) + W, + W, 2/14(5) + W, + W, 2/14(5) + W, + W, 2/14(5) + W, Z-S;/‘Zl-z)

Note that |L| = 0 yields the additional zero eigenvalue, 1, = 0 and we expect multiple steady-state

solutions given by a linear combination of v; and vy.

S3. STEADY-STATE CURRENTS

In this section, we calculate steady-state currents explicitly. The net particle currents Jj from
bath a to dot d can be calculated from the Liouville equation in Eqs. (3) and (@)) of the main text
by sorting out the contributions to the time increment of the particle density of each dot d (0,4)

from each bath a. Then, we can easily identify

JA() = W, poolt) — W paa(t) — ¢ \[wi_ws_ (‘M) (S35)

where the first term in the right-hand-side represents particle transfer from bath a to the empty dot
d, the second term represents particle transfer form the occupied dot d to bath a, and finally the
third term represents the interference between relaxation channels to both dots. In the steady state,
the particle density at dots is stationary, so the currents from both baths should be balanced in such
a way that J5(co) = —J(c0) = Jy(0).

We can divide the particle current into the classical and quantum part as
Jo(e0) = J3 + Jg = Ji + ¥apra(o0), (S36)

where the quantum current Jg is given as a product of the quantum speed ¥, and the coherence
p12(o0). The classical current is easily obtained by simply setting ¢* = 0 in Eq. and Eq. ()

of the main text, and using the rates w®_ = 27|g>N® and w?_ = 2n|g?>N¢, yielding

1 _ — AN —

T = 1 (LW = W W) Wa = S I PIgt P (837)
0 0
1 _ — AN —

I3 = 1 (e Wa = wh W) Wi = = gl W (538)
0 0

where |Lg| = |Lgslgpe=o = WiW, + W, W, + W, W, and the external bias AN = N" — N¢ > 0. Note
that J¢' is always positive. The quantum part, J; = ¥, p12(c0), is also obtained from Eq. (S33)) and
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Eq. (3) of the main text, yielding

¥ = ||% (910 =W W)+ Wa o+ (], + ) W | = o (s (539)
W= (LT - W) W (e )T = et (s40)

and the coherence term pj,(c0) = p,1(c0) is obtained from Eq. (S29)), after some algebra, as

_ ANy 1831510" (IgSFW1 + 18P W2) — Igflslge (Ig3F W +1}F W)
|Lssl W1 + W2 ’

which is valid except for the singular case of |Li| = O (see Sec. for the singular case). In

pi2(e0 (541)

contrast to the classical current, the quantum current JS can be both positive and negative, which
can vanish either by the zero quantum speed (¥; = 0) or by the zero coherence (01, = 0). In
Fig. 2| of the main text, the lines of ¥; = 0 and p;»(c0) = 0 are plotted in the (¢°, ") plane for the
r-symmetric configuration. Note that the ¥, = 0 lines can be different from each other. For the
total quantum current J9 = ), ]q Ypoi,(c0) with ¥ = ), 'Wy, the lines of ¥ = 0 and pj,(c0) =
are shown in Fig. [ST| where J9 > 0 is accomplished only in the shaded area with the same signs
of ¥ and pjy(c0). Therefore, the engine performance can be enhanced due to the extra positive
quantum current in a specific region of the parameter space.

As can be seen in Egs. (S37), (S38), and (S41), both the classical and quantum current are
proportional to the external bias AN. Thus, it is natural to define the conductance o, for dot d as
Jy(0) = 04 AN, which is also divided into the classical and quantum contribution as o; = of} +0'3.
The classical conductance 0' can be easily obtained from Egs. and (S38), which is always
positive (0§ > 0). The quantum conductance can be obtained from Eqs. (S39), (S40), and (S4T).
It would be interesting to study the total quantum conductance o4 = ), 0'3 in the linear response
regime for small bias AN. For convenience, we introduce the mean bias N = (N" + N¢)/2 with

N =1 — N. After some algebra, we find

L n[Iglgkle" (185777 + s W) — lgcllgsloe (18P + 1ghPws)|
m o' = -

, (542)
AN=0 (1802 +1g5P) (13 + g5P) (W) + W) Il

where qu = 27N (|g2|2 + |gfl|2) and |Ly|*¢ from Eq. (S30) as

L9 = 2m)*(1 + N)N

2
(182F + 1g5) (98P + 15F) — (1ghighl o + sl o) |
Note that the quantum conductance in Eq. (S42)) cannot be positive, implying the current enhance-

ment is not possible in the linear response regime.
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(a) ¥Y=0 p=0 (b) 1 ¥=0

1 | | p | | ~ p1y=0
> 9 ¥Y>0
05 Y<0 1 05 |
¥Y<0
o o P12>0 )/ p <0 o ol P12 >0 P12 <0 |
05 | : 0.5 |
-1 R
4 05 0 05 1 41 05 0 05 1

FIG. S1. Lines of vanishing quantum currents (J9 = ¥ pj5(c0) = 0) in the (¢°, #") plane. The purple
line represents pj2(c0) = 0 and the green line represents ¥ = 0. The engine performance is enhanced by
the extra quantum current in the shaded regions (Jq > 0). We used N = 0.25, N° = 0.1 and tunneling
coeflicients as gt]1 =g =1/ V2 for dot 1 and (a) gg =g, =4/ V27 (r-symmetric configuration with r = 4)
and (b) g*z1 =12/ V2r and g5 =4/ \2r (r-symmetry broken) for dot 2.

Next, we will investigate the nonlinear regime in the r-symmetric configuration (g5 = rgf),
where the algebra becomes simplified. From Eqs. (S37) and (S38), we can easily see that the
classical currents for two dots are simply related as J;l = r2Jf1. For convenience, we set the

tunnelling coefficients as

k¢ r2 ke
a2 a2
= —, = , S43
gl =172 =12 (543)
which satisfies the r-symmetric condition. Then, we find
el 21 ke o _ 2
.= oy =roy, (S44)

1472 faNb 4 geNe

where N“ = 1 + N*. After some algebra, we also find the relative quantum conductance o~/ 0'21 as

ol 2 2(¢h_¢c) kPke c c CATC N
0_311:1:;2 - khﬁh+kcﬁ°[¢ (K + k) = (KN + kENS) N N

—h

—¢" {(K" + k) - (K"N" + k*N) N°| N ]

L] 2(" - %) ppe
L+ L N 4 kN

(¢hkhﬁh ; ¢Ck°ﬁ°) (V"= Ne) (S45)
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of 1 2(e-¢) ke . -
e khﬁh+kcﬁc[¢{(kh+k)—(khNh+kN)Nh}N

—h

—¢"{(K" + k) = (K"N" + kN ) N°| N ]

R Gt IS
L+t L N4 kN

(¢hkhﬁh + ¢°kCN°) (V"= N°) (S46)
where L reads
L= (khﬁh ; kCNC) (N + V) - (khcphﬁh ; k°¢>CN°) ("N + kgsNF) . (S47)

In the expansion of o} /0! = 8% + S}, AN + O(AN?), the leading terms are given by

rr 2kMkC(1 — N?)
1472 L&

hrcr1 _ A2
- @0 K=t ) o)

s = 1)+~ 0]
Setting ¢¢ = ¢ — A¢ and ¢" = ¢ with a finite ¢, we obtain

r? 2kPkCpAP + O(A?) s 1 2k oA + O (Ad?)

Si =
1472 L 1472 L
hyc
. 2k k qu(z ’ (S49)
(1= N?) (k" + k)" (1 - ¢?)
and
Sl - 1 2k'kCpAP + O(AP?) s 2 2kMkCpAD + O (AP?)
21+ Lo 1+72 L
hy.c
2k kS A (S50)

ARk (1)

where O and O’ are higher order terms and the expansion of £ yields
£9% (1-N?) [(kh F k) (1= ) + 20 (K + 1) ¢A¢] .

We find that both linear coefficients are negative and S = r*S). For r > 1, the negative contri-
bution from dot 1 (weaker coupling) is stronger. As the second-order coefficients are positive for
¢A¢ > 0 and stronger than the linear coefficients for very small A¢, the nonlinear contribution
may overcome the linear response to make the quantum conductance positive.
. h _ _ . . . 1 .
Approaching to ¢" = ¢° = 1, the leading order of £*I becomes linear in A¢, thus S, remains

finite, while Sg goes to zero. Therefore, a strong enhancement of the current is expected.
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S4. FULLY SYMMETRIC CASE

We consider the most symmetric case with ¢" = ¢° = ¢ in the r-symmetric configuration,
where we find simple relations as W, = r2W,, W, = W, ® = r¢W,, and ® = r¢W,. Then, the

Liouville matrix becomes

—(1 + )W, Wl r2W1 r¢W1 F¢W1
W, -W, o X% en
L = PW, 0 —2W, %Wl %Wl . (S51)
réW, —r¢;W1 —r(z;WI —(1+£2)W1 0

The eigenvectors and the corresponding eigenvalues of L can be obtained from more general results
in Sec.[S2)or by directly diagonalizing Eq. (S51). The first three eigenvectors are given as

-1 r-1
2rgp T 2r¢p |’

V’f = (67 a,a, O’ O) 9V—£ = (0’ O’ Oa 1’_1) 7V—§ = (09 19_19 (852)

where @ = W;/Q2W, + W), @ = 1 — 2a, and the corresponding eigenvalues are A; = 0,4, =

2— 2
_I-Er W1 and ﬂ3 = —HZ

W, respectively. The fourth and the fifth eigenvectors are given as

T [ /7.4(5) + FZ(WI + Wl) - W, /14(5) + W, + Wl — r2W1 r¢ (2W1 + Wl) }"(]5 (2W1 + Wl)
Va) = | 1~ -

sy +(L+2OW, 25+ L+ AW, 245 + (1 + W, 245 + (1 + )W,
(S53)
and the corresponding eigenvalues are
—(1+r2)(W1+W1)+U —(1+r2)(W1+W1)—U
Ay = 5 , As = 5 (S54)

with U = \/ [(1+ 2y (W + W) - 4201 - ¢2) (2W1W1 i Wf)

One can notice that the maximum interference condition (|¢| = 1) yields A4 = 0, implying that
the steady state is not determined uniquely. In fact, any state spanned by v, and v, can become
a steady state, depending on the initial condition. For |¢| < 1, all four eigenvalues are negative
except 4; = 0, so we have a unique steady state represented v;, which is identical to the classical
steady state at ¢ = 0.

Defining a matrix V = (v4, V2, V3, V4, Vs5) with its inverse V~!, the formal solution P(¢) at time ¢

with an initial vector P(0) = (090(0), p11(0), p22(0), p12(0), p21(0))", reads
P(t) = VV'et VWIP(0), (S55)

S13



or P(1) = V (1. xae™, xae™, yae', xse'™) , where we used poo(0) + p11(0) + p2a(0) = 1. All y/’s
can be calculated from Eq. if the initial condition P(0) is given.
Let us consider the simple case of r = 1, where the eigenvectors and the eigenvalues are given

by VI = (a,’a,a/a 050)5 V-Zr = (050903 19_1)9 Vl— = (09 13 _1903 0)7 V;I‘_— = (la_la éa [;;;‘—;‘1/] ’ [;;;“;Vl) and

V;- = (1 —E,—%, V‘ZI(IpWUII’ ngwlfl) with A = 0, A = —Wl, A3 = —Wl, Ay = —(W1 + Wl) + U, and

As = —(W; + W) — U, , where U, = \/(W1 + W12 = (1 — ¢22W, W, +Wf). Then the inverse

matrix V! is obtained as

1 1 1 0 0

1 1

0 0 0 > -5

vii=] 0 : -3 0o 0 | (856)

aUi-W) _aU-W) _aUi-W) oW, ¢Wi

U, 20, 20, 20, 20,
aUi+W)  aUi+W)  aUi+W)  ¢Wi oW

U, 2U, 2U, 2U, 2U,

If the initial condition is given by p;1(0) = p2,(0) and p12(0) = p,1(0), Eq. (S53) is simplified since
X2 = X3 = 0and thus p;;(¢) = px(?) and p1,(¢) = p21(?). It is straightforward to obtain the dynamic

[Pu(l)
p12(0)

where the vector A is given by

equation

p12(0)

— aA(d, 1) + M(4, t)[p 1(0) ] , (S57)

1 2-Ru(¢.0) + F-R_(.1)
A(p, 1) = 5[ ¢(2W1+W1)R (¢, 1) ] ’ (53%)
and the Matrix M,
R+ , _ MR_ s —¢—W1R— ’
M(g, 1) = %[ (4)(](52;?+W11>]l o N Wf(p " ) ' (559)
—E=5"CRA(9, ) Ri(g D) + 5rR(9,0)

Here, R.(¢,1) = e¥' + %', The data in Fig. 3| of the main text are calculated from Eq. with
the initial state of p;;(0) = p12(0) =0

At the singular point (¢ = 1), the multiple steady states emerge, depending on the initial condi-
tion. As the two eigenvalues (1; = A4) become zero, there should be a conservation law associated
with Ay, in addition to the probability conservation responsible for A;. From the structure of the Li-
ouville matrix in Eq. (S31)), one can easily find the conservation law of 20| +py — rp1, —rpa; = 0

for ¢ = 1. This implies that the quantity 7°p,;(¢) + p2s(t) — rp12(t) — rp21(t) = I does not change
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in time. Using the relation of Eq. (5)) of the main text and this conservation law, we obtain the

multiple fixed points as

1-r a 1-r
pii(e0) = a — [ra — alpia(o0),  pp(0) =a— [7 + ] pia(00),
r 1 I()
= = — S60
pra(e) = paa(e0) = T —— (o= ) | (S60)

where Iy = 2p11(0) + p2,(0) — 7p12(0) — rp51(0). Similarly, we get the extra conservation of

r2p11(t) + po(t) + rp1a(t) + rps (f) = I for ¢ = —1 and the corresponding multiple fixed points are

given as
o 1=-7 a o
p11(e0) = a + [ra - . @] p12(00),  pxp(e0) =a+ [7 + @] p12(c0),
r 1 I
1012(00)=P21(0°)=—1+r21_a(6¥— 1+r2) ) (S61)

where I, = r*p11(0) + p2(0) + rp12(0) + r021(0).
We can also calculate the steady-state currents. From Eqgs. (S37)-(S40), we obtain

W= ) (T - W) = i,
- (1 * %)(wm W)= e (562)
where
o _ 27lgiPgiPAN = A (S63)

L IPNY + g PN
with N = 1 + N“. For |#| < 1, the classical solution becomes the unique steady state (pj5(c0) = 0),
thus the steady-state current is purely classical. However, at [¢| = 1, we have a nonzero p;,(0)
in Egs. (S60) and (S61) and the steady-state current contains the quantum part as J,(c0) = J;‘ +
Y, p(00), thus, for ¢ = +1,

1+ 72
r

Ja(c0) = J¢ (1 + pu(oo)) . (S64)

Note that these currents are the same for ¢ = +1 with the initial conditions of Iy = I. In equilib-
rium, the quantum current vanishes as well as the classical current even if p,(c0) # 0, because the

quantum speed ¥, vanishes at AN = 0 as in Eq. (S62).
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