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Fluctuation-Response Inequalities for Kinetic and Entropic Perturbations
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We derive fluctuation-response inequalities for Markov jump processes that link the fluctuations of
general observables to the response to perturbations in the transition rates within a unified framework.
These inequalities are derived using the Cramér-Rao bound, enabling broader applicability compared to
existing fluctuation-response relations formulated for static responses of currentlike observables. The
fluctuation-response inequalities are valid for a wider class of observables and are applicable to finite
observation times through dynamic responses. Furthermore, we extend these inequalities to open quantum
systems governed by the Lindblad quantum master equation and find the quantum fluctuation-response
inequality, where dynamical activity plays a central role.
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Introduction—The response of a physical system to
small perturbations is a fundamental aspect of its behavior
[1] and is critical for understanding material properties such
as conductivity [2] and viscoelasticity [3]. Near
equilibrium, the seminal fluctuation-dissipation theorem
states that the system’s response is directly related to its
spontaneous equilibrium fluctuations [4]. Much effort has
been devoted to generalizing the connection between
response and fluctuations in far-from-equilibrium regimes,
expressed as equalities [5—12]. Although the recently
discovered extended fluctuation-dissipation theorems relate
the response function to a nonequilibrium correlation
function, they often require detailed microscopic knowl-
edge of the steady state or its dynamics [5-8,10]. In this
context, complementary inequalities have been developed
more recently to provide upper bounds on the response in
terms of fluctuations [12-20].

Traditionally, response theory has primarily considered
perturbations such as small impulses that alter a given
potential [5-7]. In contrast, responses to changes in kinetic
parameters—such as the mobility of a colloidal particle or
the concentration of a catalyst in a chemical reaction—have
been largely overlooked, as they affect only reaction rates
without altering the equilibrium distribution, leading to
vanishing responses at equilibrium [14,15,17]. However,
under nonequilibrium conditions, such kinetic perturba-
tions become crucial for fully capturing nonequilibrium
responses. Recent studies have established explicit thermo-
dynamic bounds on the kinetic responses of state-
dependent observables across various processes [11,14—17]
and on those of currentlike observables in Markov jump
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processes [12,19,20]. Among these, the response thermo-
dynamic uncertainty relation (R-TUR) [19] states that the
ratio of the kinetic response to the fluctuations of a
currentlike observable is bounded by the entropy produc-
tion (EP) rate. It was found that the R-TUR arises from an
identity that connects kinetic response and fluctuations,
valid even far from equilibrium [20]. Although the iden-
tities found in [20], coined fluctuation-response relations
(FRRs), can also be used to derive other types of upper
bounds on the response to perturbations in the symmetric
and antisymmetric parts of transition rates, their validity is
limited to infinitely long observation times.

In this Letter, we derive inequalities that relate the
dynamic response to perturbations in transition rates with
the fluctuations of a general observable in Markov jump
processes, generalizing the FRRs by encompassing them as
a limiting case. The derivation of these inequalities is based
on the Cramér-Rao bound, a widely used tool for deriving
various uncertainty relations [21-25]. An important ad-
vantage of this method is its simplicity and applicability to
finite observation times in steady states, thereby extending
the R-TUR for static response [19,20] to dynamic response.
We further extend these inequalities to open quantum
systems governed by the Lindblad quantum master
equation.

Setup—We consider a continuous-time Markov jump
process governed by the following master equation:

pi(t) = Z[Wijpj(t) - W,ipi(1)], (1)

J(#i)

where W;; denotes the transition rate from state j to i, and
pi(t) represents the probability of the system being in state
i at time ¢. We assume that every transition is bidirectional
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and that each pair of opposite transitions satisfies local
detailed balance for thermodynamic consistency [26,27].
The transition rate is parametrized as [11,12,19]

wy—en (50 20). @)

where B;; and F;; represent the symmetric and antisym-
metric parts of the transition rate, satisfying B;; = B;; and
F;j = —Fj;, respectively. Intuitively, in the context of a
reaction pathway, B;; represents the energy barrier between
two states, while F;; represents the change in entropy due
to both the energy difference between the two states and
nonequilibrium driving. We introduce the parameters € and
n, which control the symmetric and antisymmetric parts of
the transition rates, respectively, without affecting each
other. The steady-state probability of the system, denoted
by m;, satisfies D ;) (Wiym; — Wm;) = 0. The thermo-
dynamic and kinetic aspects of transitions are characterized
by the currents J;; = W;zn; — W;r; and the traffic
a;; = Wiz + W;m;, respectively, in the steady state.

When the antisymmetric parameter F;; sums to a non-
zero value along at least one closed path in the state space,
the system is driven out of equilibrium and dissipates
energy constantly in the steady state. This dissipation is
characterized by the (mean) EP rate X =
Yoici i In(Wim; /W im) = 5, Ji;Fi; [26]. We set the
Boltzmann constant to unity throughout. The pseudo-EP
rate, a measure of the irreversibility of dynamics, has been
found useful in deriving thermodynamic uncertainty rela-
tions and is defined as 3, = >°,_; 2J%/a;; [25,28,29]. The
log-mean inequality, 2/(x +y) < (Inx —Iny)/(x —y) for
positive x and y, guarantees that Zps < X. While the EP
characterizes the irreversible nature of nonequilibrium
systems, the dynamical activity, defined as A= >ie j@ijs
serves as a complementary role by describing the time-
symmetric aspect of dynamics [30].

To address both the average behavior and fluctuations,
we introduce two stochastic quantities: the state identifier
n;(t) = 8(,).i» where s(t) is the state of the system at time ¢,
and N;;(t), which denotes the accumulated number of
jumps from state j to state i up to time ¢. To investigate the
relations between response and fluctuations, we focus on
general time-accumulated observables with arbitrary

weights g; and A,;;, defined as

O(r) = /OT dt(Zgini(t) + ZAijNij(t))’ (3)

i#]

where 7 is the observation time and N;;(¢) denotes the rate
of change of N,;(). We will refer to the observables as
currentlike if g; = 0 and A;; = —A; for all pairs (i, j) and
as state dependent if A;; = 0 for all pairs (i, j).

Fluctuation-response inequalities—Suppose the system
is initially in the steady state for # <0, and a system
parameter 6 is slightly changed at 1 = 0. The transition
rates and the probability distributions are then altered as
Wi; = W;; + (0,W,;)A0 and p;(t) = m; + q;(1) A0, respec-
tively, up to linear order in the change A6. The mean value of
the observable ©(7), measured from r = 0, deviates from the
unperturbed value by AG(7) = (O(z)) — (0(7)), where (*)
and (¢),, denote the ensemble averages over perturbed and
unperturbed dynamics, respectively. We define the dynamic
response with respect to the change in 6 as Ry(z) =
limpg_oA®(7)/AO. The Cramér-Rao bound provides a
general relation between the response to the perturbation
and the variance of the observable as R3(zr) <
Var(0(z))Zy(7), where Zy(z) = —(3InP[{s(1)}7_y])o is
the Fisher information of the path probability P[{s(7)}7_,]
for the unperturbed dynamics [21,22], and Var(e) denotes
the variance calculated in unperturbed dynamics. It is
important to note that the derivative dy, used only for
notational brevity in the Fisher information, does not apply
to the initial distribution since the perturbation does not alter
the initial condition.

For multiple perturbation parameters (6, ...,0y), the
Cramér-Rao bound generalizes to >, 5 Ry (7)[Z ‘1(7)]%@
Ry, () < Var[®(r)] with the Fisher information matrix
whose  elements —are  given by I, (1) =
—(09,09, InP[{s(t)}{_o])o [31]. When the set of perturba-
tion parameters consists of either the symmetric parameters
B;; or the antisymmetric parameters F;;, the Fisher infor-
mation matrix becomes diagonal, leading to the following
inequalities (see End Matter):

R%__ T

> T;é ) ¢ Var[0(z)). (4)
4R

> n;{? )SVar[e(T)}, (5)

where the summation is taken only over pairs i < j due to
the conditions B;; = Bj; and F;; = —F ;. We will refer to
perturbations in B;; and F;; as kinetic and entropic
perturbations, respectively. This terminology is motivated
by the fact that, in relaxation dynamics to equilibrium, the
former changes the timescale of relaxation without affect-
ing the equilibrium distribution, whereas the latter modifies
the entropy of the system at the equilibrium. For observ-
ables in the set S, which includes currentlike observables,
state-dependent observables, and their combinations with
the constraint A;; = —Aj;, the dynamic response to the
symmetric parameter B;; and that to the antisymmetric
parameter F;; are interrelated by the identity
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Rp (z) 2Ji
RF“(T) N al-j (6)

for all observation times 7 (see Supplemental Material [32]
for the derivation). Plugging this identity into (5), we obtain
another inequality involving the kinetic response,

ain%,.j<T)

> i —<Var[®(r)] for O€S. (7)
b

We will refer to the inequalities (4), (5), and (7) as
fluctuation-response inequalities (FRIs) following [13],
where a general inequality between fluctuations and
response is proposed based on an information-theoretic
approach.

The FRIs generalize the FRRs discovered in [20] in two
ways. First, these inequalities are valid for all observation
times 7 and encompass the FRRs as the dynamic-response
function Ry(7) converges to the static-response function in
the limit 7 — oo. Second, unlike the FRRs, which are
applicable only to currentlike observables, the FRIs allow
general observables for (4) and (5) and observables in the
set S for (7). While the FRRs are equalities derived from
extensive linear algebraic steps, the FRIs are inequalities
resulting from a straightforward application of the Cramér-
Rao bound.

Figure 1 illustrates the validity of the FRIs (4) and (5) in
four-state Markov jump processes with various topologies
and system parameters. The vertical axes in all figures

103 107

FIG. 1. Numerical verification of FRIs for general observables.
(a) and (b) correspond to (4) and (5), respectively. For the
symmetric and antisymmetric parameters, B;; and efii are
randomly sampled from [—-2,2] and [0, 10], respectively. The
observation time is given as 7 = e* where x is drawn randomly
from [—15, 20]. Weights g; and A;; are sampled from [-2,2]. The
network topology is randomly selected from the four possible
configurations shown in the inset of (b). Different point colors
represent results from the respective topologies, matching the
colors in the inset. The total number of points is 10°.

represent O, a quantity obtained by transforming inequal-
ities into the form Q < 1. Unlike currentlike observables as
reported in [20], the FRIs (4) and (5) do not appear to
converge to equalities in the limit 7 — co for general
observables. The validity of FRI (7) for currentlike and
state-dependent observables is examined in Fig. 2. The
numerical results suggest that the FRI (7) converges to
equality in both limits 7 — 0 and 7 — oo for currentlike
observables and only in the limit 7 - oo for state-
dependent observables. While the convergence to equality
in the limit 7 —» 0 is straightforward to verify [32],
demonstrating the convergence in the limit 7 — oo requires
a more sophisticated analysis, as performed in [20]. The
inverted bell shape and increasing patterns shown in Fig. 2
emerge due to the fixed boundary values of Q at 7 — 0 and
7 — oo. This becomes clearer when examining represen-
tative time-dependent curves with fixed transition rates and
observables, as presented in Supplemental Material [32].
This illustrates how the scatter patterns in Fig. 2 arise from
a superposition of curves with different parameter values.
In contrast, since the equality condition at the short- and
long-time limits does not hold for general observables,
Fig. 1 exhibits more complex patterns.

The limiting behavior of the FRIs can be understood by
separately considering the different time regimes. First, in
the short-time limit 7 — 0, only a single jump event can
occur within an infinitesimal time interval. For currentlike
observables, this implies that the currents associated with
different edges remain uncorrelated, and the variance
decomposes into independent contributions from each
edge, ie., Var[®(7)]~# 73, ; Ajja;;. The responses are
similarly dominated by the direct effect of perturbing the
transition rate on the same edge, yielding Ry, (7) A5

1.0
(b)
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FIG. 2. Numerical verification of FRI (7) for (a) currentlike
observables and (b) state-dependent observables. Transition rates,
observation times, and weights of observables are sampled within
the same ranges as in Fig. 1. The network topology is randomly
selected from the four configurations in the inset of (a), with data
point colors matching the respective topologies. The total number
of points is 107,
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and R F, (1) ~ %TAI- ja;j- As aresult, both (5) and (7) become
equalities in this limit. For state-dependent observables,
both the variance and the response functions scale quad-
ratically with time, which explains the vanishing behavior
observed in Fig. 2(b) as 7 — 0. Second, in the long-time
limit 7 — oo, where the dynamic responses converge to the
static responses, it has been proven that Eqs. (5) and (7)
become equalities for both currentlike observables [12] and
state-dependent observables [39]. Although a general
physical explanation remains elusive, the convergence to
the equality in this limit for currentlike observables can be
interpreted as a generalization of the fluctuation-dissipation
theorem to arbitrary nonequilibrium steady states. This
generalized relation reduces to the conventional relation-
ship between Onsager coefficients and equilibrium covari-
ance defined at the edge level near equilibrium [12].

Response uncertainty relations—Further applications of
the Cauchy-Schwartz inequality to the FRIs lead to the
recently discovered R-TUR and its variants [19,20].
The responses of interest are now R.(7) =3_;_; b;iRp,
and R,(z) = >_;.; fijRr,, with the shorthand notations
b;j=d.B;; and f;; = d,F;;. Here, R, (respectively, R,)
denotes the response of an observable with respect to the
perturbation of the global parameter ¢(57), which induces
simultaneous variations in all symmetric (antisymmetric)
parameters according to their functional dependence
on €(n). An explicit example illustrating how global
responses arise as combinations of local responses is
presented in Supplemental Material [32] using a quantum
dot model. Applying the Cauchy-Schwartz inequality
Zi<j(xij/)’ij>2 > (Zi<jxij)2/(2i<jy12j) to (4) and (5),
we obtain the following results: choosing x;; = b;;Rp,
and y;; = b;;/a;; yields

2 2
LR R
TZi<jbijaij ThinaxA

while choosing x;; = finF,,» and y;; = f;;\/a;; yields

Var[©(7)] ; (8)

AR AR
Var[®(7)] > ”(Tz) > @)
TZi<j ijqij Tf maxA

©)

where by, = max, ;|b;| and f,.x = max; |f;;|. These
inequalities, called the response kinetic uncertainty rela-
tion, show that the ratio of the responses to kinetic or
entropic perturbations to fluctuations is bounded from
above by the dynamical activity of the unperturbed system.

Similarly, with the choice x;; = binB,-_, and y;; =
biiJ i/ V/@ij» applying the Cauchy-Schwartz inequality
to (7) leads to

2RZ(7)

5 e
124 max Zps

Var[®(7)] > for @eS. (10)

We refer to this relation as the response thermodynamic-
kinetic uncertainty relation (R-TKUR), as it imposes an
upper bound on the response that depends on both EP rate (a
thermodynamic quantity) and dynamical activity (a kinetic
quantity). This can be seen clearly upon noting that
the pseudo-EP rate satisfies the following Jensen in-
equality Zps = Zi<j 2aij¢2[(1ij/2‘lij) 1n<Wijﬂj/Wji7fi)] <
2A¢*(X/2A) with a concave function ¢(x) = x/y(x),
where y(x) is the inverse function of xtanhx [25]. One
of the two contributions, ¥ or A, dominates in the limiting
cases: for x < 1, ¢?(x)~x and for x> 1, ¢*(x)~ 1.
Thus, the R-TKUR reduces to the finite-time version of
R-TUR [19],

R (7) _ thipnX
Var(@(0)] < for @ €S, (11)
near equilibrium, where £/A < 1, and reduces to (8) far
from equilibrium, where /A > 1. It is worth noting
that (8)—(10) hold for all observation times 7, generalizing
the static-response relations derived in the limit 7 — oo
in [19,20] to dynamic response.

When the kinetic perturbation is applied uniformly, i.e.,
bij = b = by Y ij, the response of currentlike observ-
ables becomes proportional to the mean value of the
observable as R.(zr) = b(O(z)) [19]. As a result, the R-
TKUR in Eq. (10) reproduces the thermodynamic-kinetic
uncertainty relation [25,40], which encompasses both the
thermodynamic uncertainty relation [41,42] and the kinetic
uncertainty relation [43,44].

Quantum generalization—The FRI can also be extended
to Markovian open quantum systems, whose dynamics are
governed by the Lindblad quantum master equation,

p(t) = =ilH.p(0)] + Y DILYp(0), (12)

where p(r) is the density operator at time ¢, H is the system
Hamiltonian, LZ" are jump operators, K denotes the number
of jump operators, and D[L] e =L L' — {LTL,*}/2 is a
superoperator acting on the operators to its right. The
Planck constant 7 is set to unity throughout. In this section,
the notations [*, o] and {¢, o} are reserved for the commu-
tator and anticommutator of two quantum operators ® and o,
respectively. The jump operators are parametrized as

L% = 2L, (13)

with a set of real-valued parameters (6, 0,, ...
controls the magnitude of each jump operator.
As in the classical case, we consider the system in the
steady state characterized by the density operator pg, for
t < 0, which is then slightly perturbed in its parameters 6, at
time ¢ = 0. The quantum Cramef-Rao bound generalizes the

s 9[{) that
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/Var((—)(f))

R, (7)
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FIG. 3. Numerical verification of Eq. (14) for (a) a two-level
system and (b) a three-level system. The Hamiltonian is con-
structed as (A 4+ A")/2, where A is a randomly generated matrix
with the real and imaginary parts of each element independently
and uniformly sampled from [—1, 1]. Jump operators are gen-
erated similarly without enforcing the Hermitian condition, with
the number of jump operators randomly chosen between 1 and 4.
Different numbers of jump operators are represented by distinct
colors: blue (one jump operator), cyan (two jump operators),
yellow (three jump operators), and dark red (four jump oper-
ators), respectively. Weights A, are randomly sampled from
[—1, 1], and the observation time 7 is given by 7 = e*, where x is
uniformly sampled from [—15, 20].

classical one as ), s Ry (7)[Z4' (T)]Hue/)Rg/}<T) <Var[®(z)],
where 7 () is the quantum Fisher information, defined as
the maximum classical Fisher information over all positive
operator-valued measures [45,46]. Similar to the classical
case, the quantum Fisher information matrix with respect to
changes in 6; becomes diagonal (see End Matter), which
yields the quantum version of the FRI for general observ-
ables,

ZRjka (:) < Var[®(c)], (14)

where a; = tr[L% p(L%)] s the traffic through the k th jump
operator.

The validity of the quantum FRI is examined in Fig. 3 for
two- and three-level systems, with randomly generated
Hamiltonians and jump operators. The local detailed
balance condition is not imposed on the jump operators
in order to demonstrate the broad validity of the quantum
FRI. In our numerical analysis, we focus on the currentlike
observables of the form O(r) = Y X AN (r), where
N,(7) represents the total number of jumps via the k th
jump operator up to time 7 and A is the corresponding
weight. State-dependent observables are not considered in
this plot, as no analytical expression for their variance is
available. Similar to Fig. 2(a), the FRIs converge to equality

in the limit 7 — O (see Supplemental Material [32] for the
proof). However, unlike in the classical case, the ratio of
both sides of Eq. (14) converges to a finite value less than 1
in the limit 7 — oo for a fixed set of control parameters,
which results in the overall pattern in Fig. 3 differing from
that in Fig. 2(a). We also note that the use of more jump
operators results in a tighter inequality, although the precise
relationship between the tightness and the number of jump
operators requires further investigation. From the quantum
FRI, a response uncertainty relation for open quantum
systems can be derived straightforwardly,

R:(7) ;
Varl®()] < 7(AOpay)*A,

(15)
where € is the parameter that controls the magnitude of each
jump operator via 6 = 6(e), Al = max;{|d.0;|}, and
A =Y, a; is the dynamical activity.

Conclusion—In this Letter, we derive FRIs that apply to
dynamic response to both kinetic and entropic perturba-
tions, extending the previously established FRRs for static
response. The validity of the FRIs extends beyond that of
existing FRRs, as they apply to a broader class of
observables, including both current-like and state-depen-
dent types, measured over finite times. The FRIs are further
extended to open quantum systems governed by the
Lindblad quantum master equation. The resulting quantum
FRI involves only the dynamical activity. It remains an
open question whether similar relations can be found that
incorporate the EP, the thermodynamic aspect of non-
equilibrium systems.

Note added—Recently, two related papers have been
published. Reference [47] reports a result similar to
Eq. (15), and Ref. [48] presents results comparable to
Egs. (8) and (9).
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Appendix:  Derivation  of  fluctuation-response
inequalities—Here, we derive the classical and quantum
FRIs presented in (4), (5), and (14). In classical Markov
jump processes, the probability density of observing the
trajectory I', = {s(#)}7_, up to time 7 is given by
P[] = ny0)e~) with

A = ["arS o -

7]

Nj()lnW;). (A1)

The elements of the Fisher information matrix associated
with the perturbation parameters (6;,...,0x) are
obtained by directly differentiating the path probability,
yielding

Ieaeﬂ () = —<aaaaa,, In P ])y = <0ga69ﬁA[F,]>0

A dt E (ﬂ'jagaagﬂwij —ﬂ'jWijagaagﬂ In WU)
i#]

=7 E Wijﬂ'j(agn In Wij)(agﬂ In WU)

i#]

(A2)

Note that the initial distribution does not contribute to the
Fisher information matrix since the perturbation
considered does not alter the initial condition. When the
perturbation parameters are chosen as either the
symmetric parameters B;; or the antisymmetric parameters
F;;, the following relations hold:

9g,, MWij = 8iudjy + 6iy ),

1
0Fl_,j, In Wl] = 5(5/5/

ii'9jj _6ij’5i'j)' (A3)

Substituting Eq. (A3) into Eq. (A2), we find that the
Fisher information matrix becomes diagonal, with
elements

Ip,s,,(7) = 6105

i’ ey iy

1
IF[‘/-FI-// (T) = 1751'1"5;']"”1'/" <A4)

Plugging the Fisher information matrix into the
Cramér-Rao bound, 37,4 Ry, (7)[Z7'(7)]g,0,Re,, With 0,
being either B;; or F;;, we arrive at the classical FRIs, (4)
and (5). The diagonality of the Fisher information
matrix remains unaffected even when a vertex-dependent
parameter, as considered in [11,12], is included in
the parametrization of the transition rates. This is because
the derivatives with respect to B;; and F;; are
operationally equivalent to W;;0/0W;; + W;;0/oW; and
(1/2)(W;;0/0W,;; — W;;0/0W ;;), respectively (see
Sec. IV of [11] for more discussion). These operational
definitions remain unchanged regardless of whether a
vertex-dependent parameter is present.

For open quantum systems described by the Lindblad
quantum master equation (12), the continuous measure-
ment framework allows the quantum Fisher information
matrix to be expressed in terms of the solution of the
generalized Lindblad equation p(7) = Lyigp(r) [49],
where the superoperator Ly, is given as

K
1
Lo =—i[H, ] + ZLZk (LY
k=1
1 LS 1, o 2 2
—a o [ e @ LE] (as)
k=1
The unperturbed dynamics are restored by setting

0' = 6> = 9, whose superoperator is denoted by £ here-
after. The initial condition is p(0) = p,, where pg, is the
steady-state density operator of the unperturbed dynamics,
satisfying Lp = 0. Denoting the solution of Eq. (A5) as
o2, the elements of the quantum Fisher information
matrix are expressed as [49]
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Zo(7)lg,0, = 40,05 In{tr[pgige ()]} g1 g2 —g are traceless maps. From Eq. (A7), we can show that the
Lo second term in Eq. (A6) vanishes because
= 4{0a()ﬁtr[p9192 (T)]

= Outrlpg e (2)|05tr[pgi e ()]} g —p =g, (A6) )

1
aagﬁ) trlpgige (7))o —g—0

where @' and 6 are K-dimensional vectors, and 9’ T
’ a(ff) _ dt t L(r—1) al(z)ﬁ . Lt,
denotes the derivative with respect to the ath (fth) A tle ( a(f) Jor=p=o€"'ps]
component of 0! (92).. . Y LT . A%
Using the parametrization (13), we can demonstrate that ~Jo 1t [( a(p) )9‘:92:(JPSS] =% (A8)

| 0 Ot 76
al£ 77.:_La.LaT_LnlLa.’
Gello=r=0 2[ o+ (Let)' = (L) L] where we use the fact that ¢“("") is a trace-preserving map
1o 0 O\t 1 9, d that e“p, = p,, in the second equalit
PLY o a0 =—[L7 e (LY — oL\ A7 an Pss = Pss q y-
( P o0 [ b ( p ) ( p ) p ) (A7) The first term in Eq. (A6) is evaluated as
|

a{llaztr[palﬂz(f)]al929:Afd”r[eﬁ(ﬁt)(aflla/z}ﬁ)alezeeﬁlﬂss] "‘ATdttr[(arlxeﬂ(T_t))aleze(a%'ﬁ)elezaeapss]

+/)’ dt tr [eﬁ(‘[—t) (alzjﬁ)gl:92:9(0é€£t)91:92:6p55} . (A9)

|
The third integral in Eq. (A9) vanishes as ¢“(*~ is trace Noting that (aéaﬁ L)y —gr—py = 5aﬁL§"p(LZ“)"' /4, the quan-
preserving and (95L)gi_g—p is a traceless map. Using the  tym Fisher information matrix becomes diagonal, with
relation elements

T—t
et = / di == (0L L)e*" . (A10)
° [ZQ(T)]aaa,, = T0ypdy. (A12)
we can show that the second integral in Eq. (A9) also
vanishes. Thus, Eq. (A6) simplifies to
. where a, = tr[L5"p(LI*)"]. Substituting the quantum
0a0tr P2 (7)] gt —go_g = / dttr[(0505L) g1 g _gPss)- Fisher information lmatrix into the  Cramér-Rao
0 bound, 3 .4 Ry, (7)[Z5'(7)g,9,Re,» yields the quantum
(ALL) " FRI (14),
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DERIVATION OF EQ. (6) OF THE MAIN TEXT

The key step in deriving Eq. (7) of the main text is proving the identity Rp, (7)/RF, (7) =
2J;j/ai; for both current-like and state-dependent observables. This identity can be derived
using standard linear response theory [1, 2]. We begin by considering a perturbation in the
symmetric parameter B,,, shared by the transition rates W,,,, and W,,,. Suppose we perturb
By, to By, + AB at time ¢t = 0. The transition rates and the probability distribution are
then altered as Wj; = Wi;(1 + (6im0jn + 0indjm)AB) and p;(t) = m; + q:i(t)AB, respectively,
up to linear order in AB. Substituting these relations into the master equation yields the
equation for ¢;(t) as follows:

Gi(t) = Z (Wijq;(t) = Wiiqi(t)) + OimJin + OinJim - (S1)
J(#1)
By introducing a stochastic matrix W, where diagonal components are given by [W]; =
— > iz Wii and off-diagonal components by [W];; = Wj;, the linear differential equation
for ¢;(t) can be solved as
t

ai(t) = / dt/Z[e\N(t_t,)]ij(éjmJjn + 6jndjm) - (52)

0 -

j
The time integration in Eq. (S2) can be performed using the spectral decomposition of the
ala

stochastic matrix W, expressed as [W];; = > Aars

15, where A, are the eigenvalues of W

and [ (%) are the corresponding left (right) eigenvectors normalized as 37, 1977 = §,5. The
unique largest eigenvalue is \g = 0, with corresponding eigenvectors given by 1 = 1 and
rY = m;. After carrying out the time integration and rearranging the terms, we obtain

0= 3 (5] = 53

a(0)

where the eigenvalues are indexed in descending order, i.e., 0 = A\g > Ay > Ay > ---. The

dynamic response of state-dependent observables is then given by

Rp,.(T) = /OT dtzgz’%(t)
— Jnggi(Him(T) — i, (1)),

(S4)

where the function H,;(7) is defined as

T — 1= XT\ wra
Hz’j<7—> = Z ( N2 ) r; lj . <S5>
)




Since lim, .o H;;j(1) = 0, the kinetic response of state-dependent observables vanishes as

7 — 0, as shown in Fig. 2(b) of the main text.

When B,,, is perturbed to B,,, + AB at time t = 0, the current flowing between states
i and j changes as J;;(t) = J;; + K;j(t)AB up to linear order in AB, where K;;(t) =
(0imOjn + Ojmdin)Jij + Wiiq;(t) — Wiiqi(t). In the expression for K;;(t), the first term arises
from the change in W;;, while the second term results from the change in p;(t). Substituting

Eq. (S3) into Kj;;(t), we obtain

K (8) = (inin = S8
erat — 1
3 (S5 ) 0¥ = W )
a(0) o

(S6)

The dynamic response of current-like observables to the kinetic perturbation is then given
by
Rp,,,(T) = / dty A Ky (t)
0

1<j

= Jmn <7—Amn + ZAmWw(HJm<T> - HJTL(T))> ;
i#£]j

Since lim,_,o H;j(7)/7 = 0, the kinetic response of current-like observables [J(7) satisfies

lim; . Rg,,.(T)/T = JymnAmn. By noting that lim, o Var(J(1))/7 = >, _; AZa;5, we con-

firm that the FRI in Eq. (7) of the main text becomes an equality for current-like observables

in the limit 7 — 0 as shown in Fig. 2(a) of the main text.

The analysis for a perturbation in the anti-symmetric parameter F),, is similar to that
for B,,,. When F,,, is perturbed to F,,, + AF at time ¢t = 0, the transition rates are
altered as W, = W[l + (0im0jn — 0inGjm)AF/2] up to linear order in AF. The change
of the sign in front of ¢;,0;,, and the factor 1/2 replace only J,,, with a,,,/2 in Eq. (S2).
This leads to replacing Jp,, with a,,,/2 in Egs. (S4) and (S7), thereby proving the identity
Rp,,.(T)/RE,,, (T) = 2Jmn/@mn for current-like observables and state-dependent observables,
and thus their linear combinations. Using the same reasoning as for kinetic perturbations,
we find that lim, o Rg,,, (1) = 0 for state-dependent observables. Consequently, as 7 — 0,

the entropic response vanishes for state-dependent observables, while the FRI in Eq. (5) of

the main text becomes an equality for current-like observables.
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ORIGIN OF THE PATTERNS APPEARING IN FIGURES 2 AND 3 OF THE MAIN
TEXT

In Figs. 2 and 3 of the main text, we randomly sample the transition rates, observable
weights, and observation times to generate scatter plots. In this section, we present results
that illustrate the behavior of the fluctuation-response inequalities (FRIs) as a function of
observation time, with other parameters held fixed. All equation numbers in this section

refer to those in the main text.

Figure S1 shows the behavior of the FRIs over observation time. This figure clarifies
that the scatter plots in Figs. 2 and 3 of the main text can be understood as superpositions
of various curves corresponding to different parameters. Figure S1(a) shows the numerical
verification of Eq. (7) for current-like observables. For fixed transition rates W;; and weights
A;; defining the observable, we typically observe that the ratio of the left-hand side (LHS)
to the right-hand side (RHS) of Eq. (7) exhibits an inverted bell-shaped curve. This shape
emerges naturally when considering the limiting behavior: as 7 — 0, both the LHS and
RHS converge to the same value (denoted Ap); similarly, as 7 — oo, they both approach
another common value (A, ). Therefore, both sides remain approximately constant near A
in the small-7 regime, deviate in the intermediate regime, and eventually saturate at A,
for large 7. A larger difference between Ay and A, results in a more pronounced dip in the

intermediate 7 regime.

For state-dependent observables, the trend is simpler. Since the ratio of the LHS to the
RHS vanishes as 7 — 0 and converges to 1 as 7 — oo, one generally expects the ratio
to increase with observation time, although some oscillatory behavior can be observed in
Fig. S1(b). The upward trend with observation time underlies the scatter plot in Fig. 2(b)

of the main text.

Furthermore, Figs. S1 (c) and (d) show that the quantum FRI in Eq. (14) does not
converge to an equality in the limit 7 — oo. We observe a general trend in which the
long-time quantum FRI becomes looser with an increasing number of energy states and a
decreasing number of jump operators. This trend is also consistent with the results presented

in Fig. 3 of the main text.



FIG. S1. Numerical verification of Eq. (7) for (a) current-like observables and (b) state-dependent
observables, and of Eq. (14) for (c) a 2-level system and (d) a 3-level system. (a,b) The symmet-
ric and anti-symmetric parameters, B;; and e, are randomly sampled from [—2,2] and [0, 10],
respectively. The weights g; and A;; are sampled from [—2,2]. The network topology is randomly
selected from the four possible configurations shown in the inset of panel (a), with the color of
each line indicating the corresponding network topology. (c,d) The Hamiltonian is constructed
as (A + A")/2, where A is a random matrix with the real and imaginary parts of each element
independently and uniformly sampled from [—1,1]. Jump operators are generated similarly with-
out imposing the Hermitian condition. Different numbers of jump operators are represented by

different colors. The weights Ay are randomly sampled from [—1,1]. Each panel contains 50 lines.
ILLUSTRATIVE EXAMPLE: TWO-STATE MODEL OF A QUANTUM DOT

In this section, we analyze a minimal example based on the classical description of a
quantum dot connected to two reservoirs, aiming to clarify the physical meaning of the

FRIs. This is the simplest analytically tractable model that nevertheless provides physical



FIG. S2. Schematic of a single-level quantum dot coupled to two reservoirs. The red (blue) arrows

indicate electron transfer between the quantum dot and the red (blue) reservoir.

intuition about the nature of perturbations and the saturation behavior of the inequalities.
We consider a single-level quantum dot whose energy is given by € when it is occupied

by an electron and 0 when it is unoccupied. The quantum dot exchanges electrons with two
reservoirs at the same temperature 37! but with different chemical potentials, yu; = € — u;
and gy = € — us. Throughout this section, we set the energy unit such that § = 1. A
classical description of this model treats the time-evolution of the occupation probability
via the master equation: p;(t) = >, o, >, 2(Wip;(t) — Wiipi(t)) where pi(t) is the
probability that the quantum dot is in state ¢ (¢ = 0: unoccupied, i = 1: occupied), and
Wi is the transition rate from state j to ¢ due to the exchange of an electron with v-th
reservoir. Imposing local detailed balance, W,/W(, = e™ and W2 /WE = e 2, we assign
the transition rates as Wiy = yie /2 W = ye"/2, W2 = ype7%2/2 and W} = ype®2/2,
where ~; and 7, are the tunneling rates. The master equation can be written in matrix form
as

i po(t) _ _%e—ulﬂ _ 726—@/2 %eul/z + 726uz/z po(t) | (58)

i\ pi(t) e eyt /2 —apetl? |\ (1)
By solving the master equation with respect to the two initial conditions po(0) = 1—p;(0) =0
and pp(0) = 1 — p1(0) = 1, we obtain the explicit expressions for the propagator, i.e., the
conditional transition probabilities P(7,t|7,0), as

P(0,t]0,0) = mo + me ?,  P(1,t)0,0) = 7 (1 — ™),

(59)
P(0,t]1,0) = mo(1 — ™), P(1,t|1,0) = m; 4+ mpe ™,



where 19 = 1 — 7 = (71e%/2 + ve%2/?) /¢ are the steady-state probability and ¢ =
2{~1 cosh(uy/2) + 72 cosh(uz/2)}.

We first discuss the response of a state-dependent observable to symmetric perturbations
on the transition rates. The observable is the accumulated occupation time of the quantum
dot, defined as n(r fo t)dt, where 7(t) takes the value 1 if the quantum dot is occupied
at time ¢, and 0 otherwise. In the steady state, the mean and variance of n(7) are given by

(n(7)) = m7 and
Var(n(r)) = / Lt / Lt (n(On(E) — (n(r)?
—2/ dt/ dt' P(1,t —t'|1,0)m, — (m7)? (S10)

_ 2mom (o7 — 1+ e797)
¢? '
In the second line, we use (i) the time-homogeneity of the dynamics, P(1,t|1,¢) = P(1,t —

t'|1,0), and (ii) the fact that the contributions from the regions ¢ > t' and ¢ < t' are equal.
In this example, the symmetric parameters of the transition rates (denoted B,,, in the main

text) correspond to In~; and In~,. The static response function is given by

Ofn(r)) _ _dn(r)) _ 2yt (%) | (S11)

Olny;, Ol ¢?

while the dynamic response function, which does not perturb the initial condition, is

’ ' n(r T — e o7
Rln%m:/ a 3 OPLt30) - dnr) (¢ 1+ ) s

o S5 dln~, Jln~, o1

and it converges to the static one as 7 — oo. The FRI from Eq. (7) of the main text becomes

a,R? (T
Z —'y”() < Var(n(r)), (S13)

2
v=1,2 TJV

where J, = Wiymo—W{§m and a, = W{imo+ Wy 7 denote the current and traffic associated
with reservoir v, respectively. The response function is proportional to the current J; =
—Jy = 29172 sinh((uz—u1)/2) /¢, so the ratio Ry, (1)/J, = (¢7—1+4€ 97)/¢? is independent
of v. Moreover, since a; 4+ as = (Wi, +Wi)mo+ (Wgy + W )m = 2¢mm, the left-hand side
of (S13) simplifies to

> a, R, (T) _ 2mom (7 — 1+ ")

TJ2 T3 (S14)



Comparing this expression with the variance in (S10), the FRI in (S13) reduces to the

inequality Q¢ = >_,_;, R:‘%/Var(n( )) = f(o7) < 1, where f(z) = (x — 14+ e*)/x.

The function f(z) is monotonically increasing and bounded between 0 and 1 for z > 0. In
the short-time limit (7 — 0), the left-hand side of the FRI in (S14) vanishes as 73, while
the variance vanishes as 72, so their ratio also vanishes. In contrast, in the long-time limit
(T — o0), both sides of the FRI diverge linearly in 7 with the same prefactor, yielding
equality. Finally, we note that in this example, the FRI would be violated at all times if the

static response function were used. This is because replacing the dynamic response function

av(9(n (T) /3111% /Var(n(7)) = 1/f(¢7), which

with the static one makes the ratio Q, = >

v

is always larger than or equal to unity for all 7 > 0.

We next consider the response of a current-like observable to anti-symmetric perturba-
tions on the transition rates. Specifically, we choose the observable as the net number of
clectrons transferred from reservoir 1 to the quantum dot, denoted as j(t) = [ (N1 (t) —
N_y(t))dt, where N,i(t) [resp. N_y(t)] is a piecewise constant function that increases by
one whenever an electron is transferred from [resp. to| reservoir 1. In the steady state, the

mean and variance of j(7) are given by (j(7)) = Ji7 and

Var(j(r)) = / "t / " (N (1) — N N () — N} — ()

—a17'— 22

+2/ dt/ dt’ (WiHP(0,t —']1,0)Wym + Wy P(1,¢ — ¢']0,0) Wy, m1)

—2/ dt/ dt' (Wo P(1,t — t'|1,0)Wymo + Wy, P(0,t — t']0,0) Wy, 1)
0 0

e 2{a? + v (mo — 7 )2 }(pT — 1 +7%7)
= a7 — )

¢2

(S15)
Here, a7 in the second line originated from the contribution of uncorrelated single jump
events, and dominates the variance in the short-time limit where at most one electron transfer
can occur. In this case, the anti-symmetric parameters of the transition rates (denoted F,,,

in the main text) correspond to u; and uy. The static response functions are given by

8<§Z>> — "2 o (7)) QU] _ 0T o (1), (516)

2 8uz N ¢



while the dynamic response functions, which do not perturb the initial condition, are

R, / dt Tjm— {Wm (0,¢[,0) — Wi P(1,t7,0)}
9(( )j> ) i S
Via 1 1—e™97
= ou a,y1 cosh < 5 > ( o )
and it converges to the static one as 7 — 0o. The FRI from Eq. (5) of the main text becomes
4R?
Uy < .

D < Var(j(r), (S18)

v=1,2
To avoid unwieldy expressions, we consider the simple case of v; = 75 = v and u; = —us = u

to clearly illustrate the 7-dependence of the FRI. Under these conditions, the response-to-
traffic ratio simplifies to R, (7)/a, = ((—=1)"¢7 — 1 + €797) /4¢. Moreover, since a; = ay =
¢/4 = ycosh(u/2) and my = m; = 1/2, the left-hand side of (S18) becomes

4R2 2.2 1— —¢T)\2
Z Uy — ¢ T +( € ) (819)
=y Ta, 8T
and the right-hand side becomes
1—e 97
Var(j(r)) = WT‘E. (520)

Comparing both sides, the FRI in (S18) reduces to the inequality g(¢7) < 1, where g(x) =
{2 + (1 — e ®)?}/{z(x + 1 — e")}. This function indeed satisfies g(x) < 1 for all z > 0.
Note that both sides of the FRI in (S18) exhibit the same leading-order behavior in both
the short-time and long-time limits, resulting in equalities.

As a side note, we remark that the global response functions R, and R, defined in the
main text are not independent physical quantities, but simply linear combinations of local
response functions with respect to all symmetric or anti-symmetric parameters. In the
present model, a symmetric global perturbation corresponds to perturbing tunneling rates
~v1 and 7, simultaneously, each as a function of a single parameter e¢. For instance, suppose
there exists a single parameter such that v; o< € and 5 o e, then a small shift € — ¢ + Ae
results in Iny; — Inv; + Ae/e and Invs +— In~, + Ae. Consequently, the global response
to a perturbation of € is given by R.(7) = Rin~,(7)/€ + Rin~,(7). This illustrates how the
global response can be interpreted as a weighted sum of local responses, where the weights
are determined by how the symmetric parameters or anti-symmetric parameters vary with

respect to € or 7.



PROOF OF THE EQUALITY OF THE QUANTUM FLUCTUATION-RESPONSE
INEQUALITY IN THE SHORT OBSERVATION-TIME LIMIT

In this section, we show that the quantum fluctuation-response inequality (Eq. (14) in
the main text) converges to an equality in the short observation-time limit. We consider an

open quantum system governed by the Lindblad quantum master equation

K

p(t) = —ilH, p(t)] + Y DILF]p(t) = Lop(t) . (521)

k=1

where L{* are jump operators parametrized by L = ¢’/2L; and D[L]e = Le L' —{L'L, e}/2
is a superoperator acting on the operator to its right. To calculate the variance of the observ-
able, we introduce the concept of unraveling, in which the density matrix is conditioned on
the stochastic measurement outcomes [3—6]. Through unraveling, we obtain the stochastic

evolution of the density operator

K

pelt -+ dt) = pelt) + Lope()dt + S ANy (1) — tr (M pe (1)) ] (% —pc<t>) ,
k=1 k Mc
(S22)

which is called the Belavkin equation [6, 7). Here, Mo = L o (L) and dN,(t) is
a classical random variable that takes the value 1 when a jump occurs by the k-th jump
operator, and 0 otherwise. The unconditional density operator p(t) is recovered by averaging
over the ensemble of all possible sequences of trajectories. When conditioned on p.(t), the

probability of a jump occurring at time t is given by
P(ANi(t) = 1| pe(t)) = tr(M pe(t))dt , (523)
while the two-point correlation is given by
(Nt N (1)) = Bt — £)tr (M p(0)) -+t (M eEoC MG (1)) (524)
for t >t/ and
<N,€(t>zv,€/ (t’)> —tr (MZ’?'@E‘) V=0 A% (1t )) (525)
for t <t
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We consider current-like observables defined as

or) = /0 ' dtiAka(t) (S26)

with arbitrary weights A, and observation time 7. To obtain a compact expression for the
steady-state variance
T T K . . 0
Var(0(1)) = / dt / dt' Y ApAy [<Nk(t)Nk/ (t’)> — tr(MPEp It (MY pes) |, (S27)
0 0 ke k=1

we first introduce the vectorized notation of density operators and superoperators. In this
notation, density operators become d2-dimensional vectors and superoperators become d? x
d? matrices, where d is the dimension of the Hilbert space. With this vectorized notation,

the spectral decomposition of the superoperator Ly reads
[Lolij =D AarflS, (S28)

where A, are the eigenvalues of Ly and [ (r") are the corresponding left (right) eigenvectors
normalized as ), lf‘rf = 0o3. The unique largest eigenvalue is Ay = 0, with the corre-
sponding right eigenvector given by the vectorized steady-state density operator pg. The
left eigenvector I takes the value 1 if the index i corresponds to a diagonal element of pg,

and 0 otherwise, ensuring that > . 197? = tr(ps) = 1. We define a superoperator H from the

)

T t T t
dt/ dt’ [eﬁe(t—t')] :/ /dt' e)\a(t—t’)r?lq
/0 0 i o Jo ZO; ’
72

identity

T —1—=XaT o
= E[pss]i + .Az;éo )\3 r; lj (829>
2
= ?[pss]i + 7[H],j,

where the last equality defines H. The double time integration of (Nj(t)Ny (t')) can be

concisely expressed as

/ dt / it { Ny(O) N (1)) = 7 tr (M) + T (M p)tr (MY )
o Jo (330)

7 [t (MEHME p) + tr (M HM )|
Plugging (S30) into (S27), we have

Var(O(7)) =7

K K
S° AR ME p) + 3 Ao o (MPEHMY ) + b (MZ&/HMikpss)}] .
k=1 kok'=1

(S31)
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Next, we calculate the response of

(O(r)) = /0 ' dt " Aptr(ME 0l p(0)) . (S32)

k=1
to a perturbation in #;. We consider the dynamical response of a system initially in the
steady state, and thus the perturbation does not alter the initial state. With this in mind,

. 0 .
and using 9y, M, = 5kk//\/lzk, we obtain

T K -
R.gk (7‘) = /O dt Aktr(Mzkpss) + Z Ak,tr <MZ;7/ |:/O dt aekellgt:| pss> ' (833)

k'=1

The time integration in the second term can be expressed via the Dyson series expansion

T T t
/ dt Op, e 0t = / dt / dt’ e£o [0y, LoleLot (S34)
0 0 0

Using the fact that ps is the steady state, i.e., e ps = pss, and that O L = D[sz}, we

obtain

K
Atr(MPEpy) + > Aptr(ME HD[LY pss) | - (S35)

k'=1

Ry (T)=7

Since the eigenvalues except for the unique largest one, A\g = 0, are all negative, the
superoperator H vanishes in the short observation-time limit 7 — 0. Noting that the traffic
through the k-th channel is defined as a; = tr(M% py) = tr(L¥* pss(L*)), and comparing
(S31) and (S35), we can prove the quantum fluctuation-response inequality (Eq. (14) in the
main text) converges to an equality for current-like observables in the short observation-time

limit.
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