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Thermodynamic anomalies in overdamped systems with time-dependent temperature
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One of the key objectives in investigating small stochastic systems is the development of
micrometer-sized engines and the understanding of their thermodynamics. However, the primary
mathematical tool used for this purpose, the overdamped approximation, has a critical limitation:
it fails to fully capture the thermodynamics when the temperature varies over time, as the velocity
is not considered in the approximation. Specifically, we show that heat dissipation and entropy
production calculated under the overdamped approximation deviate from their true values. These
discrepancies are termed thermodynamic anomalies. To overcome this limitation, we analytically
derive expressions for these anomalies in the presence of a general time-varying temperature. One
notable feature of the result is that high viscosity and small mass, though both leading to the same
overdamped dynamic equations, result in different thermodynamic anomaly relations. Our results
have significant implications, particularly for accurately calculating the efficiency of heat engines
operating in overdamped environments with time-varying temperatures, without requiring velocity
measurements. Additionally, our findings offer a simple method for estimating the kinetic energy of

an overdamped system.

INTRODUCTION

Recent studies on stochastic systems have driven sig-
nificant advancements in thermodynamics at the mi-
croscopic scale. These advancements have enabled the
miniaturization of heat engines to a microscopic level [1-
5], particularly using a single colloidal particle in over-
damped environments [2, 6-8]. The dynamics of such
small systems are often analyzed by considering only
their position trajectories while neglecting velocity vari-
ables. This simplification is justified because experimen-
tal systems are typically overdamped, meaning that ve-
locity relaxes to equilibrium much faster than position
dynamics in environments with high viscosity or negligi-
ble inertia effects. Due to its simplicity in mathematical
handling, this overdamped approximation is widely em-
ployed to describe the dynamics observed in mesoscopic
experiments involving typical fluids. In addition, this ap-
proximation is, in some sense, inevitable, as accurately
measuring velocity in overdamped systems is challenging
due to its rapid relaxation.

However, the overdamped approximation does not al-
ways guarantee accurate estimation of thermodynamic
quantities, such as heat and entropy production (EP),
even in environments with high viscosity or small mass.
One example is a system with a position-dependent tem-
perature [9-16]. In such systems, EP calculated un-
der the overdamped approximation differs from that ob-
tained using the full underdamped formalism, which ex-
plicitly accounts for the velocity variable [11]. The differ-
ence between the two EPs is attributed to the symmetry
breaking of time and velocity. As shown in this example,
the finite discrepancy between thermodynamic quantities
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calculated under the overdamped approximation and the
underdamped formulation is referred to as a thermody-
namic anomaly [11].

Therefore, thermodynamic anomalies play a crucial
role in calculating thermodynamic quantities when ve-
locity measurement is challenging. Despite their impor-
tance, there has been no systematic study on thermo-
dynamic anomalies induced by time-dependent tempera-
ture, aside from several reports on specific systems [17—
19]. Investigating these anomalies in systems with time-
varying temperature is essential due to their broad ap-
plicability in both theoretical and experimental contexts.
This is particularly relevant in the field of microscopic
heat engines, where temperature varies periodically over
time. Indeed, numerous microscopic heat engine models
have been proposed over the past two decades [17, 20—
30]. If these anomalies can be properly evaluated and
accounted for, thermodynamic quantities related to such
engines might be accurately calculated using the simpler
overdamped formalism, without requiring velocity mea-
surements.

Here, we explicitly calculate the thermodynamic
anomalies in heat and EP for systems with general time-
varying temperature. Our results demonstrate that the
two conditions, high viscosity and small mass, result
in different thermodynamic anomaly relations, though
both leading to the same overdamped dynamics. More-
over, we also find general anomaly relations in between
the two conditions by introducing the two-parameter
Brinkman’s hierarchy method. This indicates that ac-
curately estimating thermodynamic quantities in over-
damped systems with time-varying temperatures requires
understanding the underlying mechanism that leads to
the overdamped regime. Through numerical examples,
we demonstrate that heat, efficiency of a heat engine,
and kinetic energy can be accurately estimated in over-
damped environments without the need for intricate ve-



locity measurements, even when the temperature varies
relatively quickly.

RESULTS
Setup

Consider a one-dimensional Brownian particle of mass
m immersed in a reservoir with a time-varying temper-
ature T'(t). The position and velocity of the particle at
time t are denoted by x; and v, respectively. The mo-
tion of the particle is described by a stochastic differential
equation known as the underdamped Langevin equation,
given by

&y = vy, MU = f@g, \p) —yvp + 1, (1)

where f(xt, At) denotes an external force applied on the
particle, A\; represents a given time-dependent protocol,
and +y is the viscous coefficient. 7; denotes the thermal
Gaussian-white noise characterized by a zero mean and
the autocorrelation (nny) = 2yT(t)6(t — t') with the
Boltzmann constant set to kg = 1. Both conservative
and nonconservative forces can be included in f(z¢, A¢).
The probability distribution P,q(z, v, t) for the stochastic
variables x; and v; at time ¢ is governed by the following
Fokker-Planck (FP) equation [31]:

atPud(:E» v, t) = gudpud(xv v, t) ) (2)
where the underdamped FP operator %4 is defined as
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We now turn our attention to the thermodynamics of
the system. According to the first law of thermodynamics
at the trajectory level [32], the mean value of heat rate

Q@ in the underdamped system is given by

(Qhua = —(7)ud + (Vo n)ud (4)

where the symbol o denotes the Stratonovich product
and (---),q represents the ensemble average taken over
the probability distribution Puq(z,v,t). The expression
of the heat rate in Eq. (4) is equivalent to

<Q>ud 2[ dm[ dv mv ffj(a:,v,t) , (5)
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where J!'I(z, v,t) is defined as

feon = (-2 -200) puon . ©

m

Then, the rate of total EP can be expressed using
1z, v,t) as follows [33-36]:

o= [ de [ qe MR
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Time scales and overdamped equations

There are four characteristic time scales in this setup:
(i) the velocity relaxation time 7, = m/7, (ii) the time
interval between two consecutive observations of the sys-
tem Topbs, (iil) the time scale of temperature variation
Temp, and (iv) the typical time scale of z-variable (over-
damped) dynamics 7,q. When the condition 7, /7ops < 1
is satisfied, the velocity is always relaxed to equilibrium
for any observation time. If the temperature is time-
independent, the overdamped description using only the
x variable is valid under the single condition 7, /Tops < 1.
However, if the temperature is time-dependent, the over-
damped approximation also depends on Tiyp: for exam-
ple, when 7y,p &~ 7 (indicating very rapid variation of
temperature), a proper overdamped description cannot
be obtained, as explained in the Supplementary Section
V [37]. Thus, in this study, we consider the following
hierarchy of time scales: 7, < Tobs < Tod & Temp-

On these time scales, the systematic overdamped ap-
proximation can be carried out using Brinkman’s hierar-
chy method [31, 38]. In this method, there are two scaling
parameters: m and ~. To satisfy the condition 7, < Tops,
either a small m or a large ~ is required. Since these two
regimes can lead to distinct approximated expressions
for various thermodynamic quantities, it is important to
carefully examine the scaling behaviors of the parame-
ters. To systematically carry out this investigation, we
introduce two different dimensionless scaling parameters
for Brinkman’s hierarchy method, enabling the explo-
ration of more general scaling behaviors, including small
m and large v regimes. As elaborated in the Methods sec-
tion, the two parameters are defined as 7 = 7oq/7 > 1
and v = V,q/Voq, where Vg and V,q are the character-
istic velocities in underdamped and overdamped dynam-
ics, respectively. These parameters are related by v = 7%
(0 < z <1/2). Here, z = 0 and z = 1/2 correspond
to the large v and small m limits, respectively, while
0 < z < 1/2 represents an intermediate regime between
the two limiting cases and may correspond to a specific
experimental setup.

Through this method, we first derive the overdamped
approximation of the underdamped FP equation (2).
The detailed derivation is presented in the Methods sec-
tion. Regardless of the z value, the resulting equation is
the same as the usual overdamped FP equation, as shown
below:

8tPod(Iyt) = *azJod(zvt)a (8)
where Poq(z,t) = [dvPu(z,v,t) and Joa(z,t) =

vy L (f(x,t) — T(t)0z) Poa(w,t). Therefore, the corre-
sponding overdamped Langevin equation is

’}/ZL-'t = f(xt, )\t) + N, (9)

which is identical to the expression obtained by simply
neglecting the inertia term in Eq. (1).



Thermodynamic anomalies

Conventionally, the mean heat rate of the overdamped
equation (9) is known as [32]

oo

da f(z,N)Joa(z, 1),

(10)
where (---)oq denotes the ensemble average taken over
P,a(z,t). Additionally, the rate of total EP in the
overdamped approximation is conventionally expressed
as [39, 40]

<Q>od =—(f(z,\)0&)oa = _/

— 00

: [~ 7J§d
<Stot>od —/;OO dCL' T(t)POd . (11)

These two expressions, Egs. (10) and (11), accurately
quantify heat and EP in overdamped dynamics when the
temperature is time-independent.

However, if the temperature has time dependence, the
overdamped approximations of Egs. (5) and (7) do not
conincide with Eqgs. (10) and (11), respectively. We refer
to this discrepancy as the thermodynamic anomaly. Our
main result is the explicit expressions for these anomalies.
First, the heat anomaly, defined as @75 = (Q)ud — (Q)od

up to the same order of (Q)oq, is

T mT
MQ{; 5 for z=0, (12)
5 for 0<2<1/2.
Therefore, the anomaly depends on z, unlike the dynamic
equation. The orders of the terms 7'/2 and mT /4~ are
O(7%) and O(771), respectively, and are independent of
z. In contrast, the order of <Q>Od depends on z and is
given by O(77172%). Therefore, for z = 0 (high-viscosity
regime), among the three terms contributing to (Q)ud,
T/ 2 is the leading-order term, while the other two terms,
(Q)oa and mT /4, are of the same higher order O(7~1).
For 0 < z < 1/2, (Q)oq is of higher order than T/2. Fi-
nally, for z = 1/2 (small-mass regime), 7/2 and (Q)oq
are of the same order, O(7°). Note that the order of
each term mentioned above is estimated using the dimen-
sionless formalism presented in the Methods section. An
interesting feature of &7y is that the time-accumulated
/g depends only on the initial and final information of
the temperature, not on the stochastic path, even though
heat is not a state variable. Furthermore, .27; is indepen-
dent of the external force applied to the system.

The heat anomaly arises from neglecting the veloc-
ity degree of freedom in the overdamped approximation.
This approximation implicitly assumes that the velocity
is always relaxed to its equilibrium state. Consequently,
for constant temperature, the kinetic energy Ex remains
unchanged, resulting in no additional heat exchange with
the environment. However, when the temperature varies
with time, Fx also changes, leading to additional heat
exchange with the environment. This is the origin of the

heat anomaly. As demonstrated in Supplementary Sec-
tion IV [37], an explicit relation between o7, and Fk is
given by

_ mT

for 2 =0,
for 0 <2z<1/2.
(13)

<EK> = ,KZZQ or <EK>ud = {

NIISL

up to the order of (Q)oq.

Similarly to the case of heat, the total EP exhibits
a discrepancy between Eq. (7) and Eq. (11). The EP
anomaly, defined as @y = <5't0t>ud - <5t0t>od up to the
same order of <.S"tot>od, is

m (7).
we— 15 (F) ife=0, (14)
0 if0<2<1/2.

The details of the calculations are provided in Supple-
mentary Section III [37]. Thus, @/ also depends on z.
The order of %’(T/T)2 is O(7~1) and is independent of
z, whereas the order of <5tot>od is O(771+2%). There-
fore, for z = 0, the orders of (Siot)oa and %(T/T)2 are
the same, O(7~1). For 0 < z < 1/2, notably, no EP
anomaly appears in this range of z, even though .27; re-
mains finite. Unlike 7y, the time-accumulated /s is
path-dependent for z = 0 due to the squared term of the
time derivative of the temperature. Moreover, Eq. (14)
indicates that <5t0t>ud > (St0t>od. Similar to the case
of position-dependent temperature [11], the finite 27 for
z = 0 originates from the breaking of time- and velocity-
reversal symmetry at the microscopic level. However, for
0 < z < 1/2, the extent of this symmetry breaking is
negligible compared to (St0t>od, leading to the absence
of the anomaly.

Estimation and control of z

Equations (12) and (14) show that thermodynamic
anomalies depend on the exponent z. Therefore, identify-
ing or controlling z in the given system is crucial for pre-
cisely estimating the anomalies in overdamped dynamics.
Here, we propose an experimental or simulation method
to estimate or control the exponent z. Adjusting z can
be achieved by simultaneously varying the amplitudes of
both the external force and the temperature. Consider
the following adjustments to their magnitudes:

f—=7Sf and T — 7 °T, (15)

where ( is a control parameter for the magnitude ad-
justment. Then, it is straightforward to see that the
dimensionless coefficient equation (19) remains invariant
under this magnitude control, except for the change from
v =1%to v = 75¢/2 This clearly indicates that the
exponent z can be controlled by adjusting (, or equiva-
lently, by varying the magnitudes of f and T
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FIG. 1. Plots of (Q)ud, (Q)oa, T'/2, and mT'/(4~) as functions
of (. The z values at the two crossing points - between (Q)Od
and T'/2, and between (Q)oq and m1'/(4y) - are highlighted
by the orange and purple vertical lines, respectively. The
orange and purple lines are located at ¢ = 0 and ¢ =~ 1.03,
respectively. For each ¢, the values of (Q)ua, (Q)oa, T/2, and
mT'/(4v) are taken as their maximum absolute values within
one period in the periodic steady state.

In practice, the exponent can be estimated or set to
an appropriate value by comparing the magnitudes of
T/2, {Q)oq, and mT/(47v). In the setup with the mag-
nitude adjustment (15), the orders of 7/2 and mT'/(4v)
are O(7Y) and O(7~1), respectively, whereas the order of
(Q)oa depends on z — ¢/2 as (Q)oq ~ O(r71H2(:=¢/2)),
Now, we can estimate T/2, (Q)oq, and m1'/(4y) by
varying ¢, as shown in Fig. 1. If the magnitudes of
(@)oa and mT/(47y) become comparable, it implies that
—1+2(z = ¢/2) = —1, which yields z = (/2. On the
other hand, if the magnitudes of (Q)od and 7'/2 become
comparable, it signifies —1+2(z — (/2) ~ 0, which yields
2 (/24 1/2.

To wverify this method numerically, we consider a
Langevin system with an external force f = kpx and a
time-dependent temperature T'(t) = 2 + sin(t). Here, we
set Temp = 27T = Toq, which is the period of the temper-
ature variation. Thus, 7 = 277y/m. The parameters are
set as kg = 1, v = 1, and m = 0.01 (small-m condition).
Figure 1 shows the plots of (Q)oq, 17'/2, and mT'/(47) as
functions of ¢. Comparing the magnitudes of (Q)oq with
mT/(4y) or T/2 consistently leads to z ~ 1/2, which
corresponds to the small-m setup.

We note that the exponent can also be extracted from
the scaling behavior of (Q)oa ~ 77'72% by varying 7.
However, this approach may not be suitable, as adjust-
ing T requires varying m or -, which are typically fixed
parameters in most experimental setups rather than con-
trollable variables. In contrast, adjusting the magnitudes

of f and T is more straightforward.

Isothermal Adiabatic
Expansion Expansion

A a I *\ 4
Adiabatic | Isothermal
Compression | Compression

(b)
0.4f

0.3

=
0.2

Tlod+an |

""" Tod ==" Tic

=

0.1

0.0k : - '
%01 0.10 1 10 100

FIG. 2. Numerical analysis of a finite-time Brownian Carnot
engine. (a) Schematic diagram of a Brownian Carnot En-
gine depicting its four stages of operation in each time-cycle.
The figure shows the thermodynamic cycle of the engine in a
clockwise direction, consisting of four key processes: isother-
mal compression, adiabatic compression, isothermal expan-
sion, and adiabatic expansion. The temperature of the sur-
rounding heat bath is represented by the outer colored ring,
while the compression and expansion processes are indicated
by variations in potential strength within each quadrant. (b)
Efficiencies nud, 7Mod, and 7od+an as a function of ~ for the
Brownian Carnot engine. The Carnot efficiency bound 7¢ is
also shown in the plot for reference.

Efficiency of heat engine

The effects of the thermodynamic anomalies can be
significant in engine systems. As an example, consider
a Brownian Carnot engine experimentally realized in
Ref. [6]. The schematic diagram of the engine is depicted
in Fig. 2(a). In this engine, a Brownian particle is con-
fined in harmonic potential with a time-dependent stiff-



ness k(t): during the compression phase 0 < t < ¢,/2,
k(t) = ko + k1t*/t2; during the expansion phase t,/2 <
t <tp, k(t) = ko + k1(tp — t)/t2, where t;, denotes the
period of the engine. Each cycle of the engine is divided
into four processes based on the temperature variation:
(i) an isothermal process, T'(¢ ) = T for O <t < tp/4

(ii) an adiabatic process, T(t) = Tc\/k(t)/k(tp/4) for

tp/4 <t < t,/2; (iii) an 1sotherma1 process, T(t) =

for t,/2 < t < 3t,/4; and (iv) an adiabatic process,
t)/k(3t,/4) for 3t,/4 <t < t,. The time

variations of k(t) and T'(¢t) are visually presented in Sup-

plementary Section VI [37].

Under this setup, we evaluate the three different ef-
ficiencies: 7ud, NMod, and Nud+an using the underdamped
formulation, overdamped formulation, and overdamped
formulation incorporating the heat anomaly, respectively.
The details are presented in the Methods section. Fig-
ure 2(b) shows the resulting plots of 1ud, 7od, and Nod+an
as functions of . Since m is set to O(1) value, the over-
damped approximation with z = 0 is expected in the
large-y regime. Thus, &g for z = 0 is used to evaluate
Nod+an- Note that the contribution of the anomaly to
heat becomes more significant in the large-y regime, as
presented in Supplementary Section II [37]. This results
in the efficiency discrepancy between 7,4 and 7odtan. As
v increases, only 7,q+an converges to 7yq, whereas 104
deviates significantly from the other two. This highlights
the substantial impact of the anomalies on the accurate
calculation of thermodynamic quantities in heat engines.

Estimation of kinetic energy

In some cases, evaluating kinetic energy in overdamped
systems is necessary for accurately estimating thermo-
dynamic quantities [6, 41]. However, directly measuring
kinetic energy in such systems is experimentally challeng-
ing, as velocity rapidly relaxes to equilibrium. Therefore,
state-of-the-art experimental setups [42-44] are required
for precise kinetic energy measurements. To overcome
this technical difficulty, a method, called time-averaged
velocity (TAV) method, for estimating kinetic energy was
proposed, where kinetic energy is inferred from measure-
ments of the mean square velocity sampled at frequen-
cies several orders of magnitude lower than the velocity
relaxation frequency [41]. However, the TAV method, is
limited to systems with a Brownian particle trapped in a
harmonic potential and is accurate only for quasi-static
processes, failing for moderately fast temperature vari-
ations, as shown in Supplementary Section VII [37]. In
contrast, Eq. (13) directly provides an accurate kinetic
energy estimate even for rapidly varying temperatures.
Performance comparisons between the TAV method and
our approach are presented in Supplementary Section

VII [37].
DISCUSSION

We derive explicit expressions for heat and EP anoma-
lies in systems immersed in an environment with a gen-
eral time-varying temperature. Using a cyclic engine as
an example, we demonstrate that thermodynamic quanti-
ties such as heat and efficiency estimated within the over-
damped description can significantly deviate from their
correct values if these anomalies are not properly consid-
ered. An important point is that these anomalies depend
on the exponent z, which relates the two scaling parame-
ters, v and 7, introduced for the systematic overdamped
approximation. Therefore, it is crucial to estimate z for
precise calculation of thermodynamic quantities. We pro-
pose an experimental method to estimate or control z by
adjusting the amplitudes of force and temperature.

Our results allow for accurate estimation of thermody-
namic quantities in overdamped systems without requir-
ing complex or challenging experimental techniques to
directly measure the system’s fast-relaxing velocity. In-
stead, by simply incorporating the anomalies into the cor-
responding quantities computed within the overdamped
description, we can achieve accurate measurements. Fur-
thermore, our findings provide a straightforward method
for estimating kinetic energy even for overdamped sys-
tems. Consequently, our results offer the systematic way
for an accurate study of thermodynamics in a wide range
of overdamped systems with time-varying temperature.

METHODS

Brinkman’s hierarchy method with two-scaling
parameters

Define P,y = 1/)0
with the normalization factor N =

Pua(z,v,t), where g = Ne ®/2
[2nT (1) /]~ and
= % Using the nth eigenfunction ,, of a harmonic
oscillator given by

where H,(z) denotes the Hermite polynomial, P,q can
be expanded as

Py = ch(m,t)wn . (17)
n=0

Note that co(z,t) = Poa(z,t) as explained in Supplemen-
tary Section I [37]. Substituting Eq. (17) into the Her-
mitianized Fokker-Planck equation yields the following
coupled equation for the coefficients ¢,, (for n > 0):



The detailed derivation of Eq. (18) is provided in Sup-
plementary Section I [37].

Furthermore, it is shown in SM that the high-viscosity
and the small-mass limits result in different expres-
sions for heat and EP. To address this in a systematic
way, here, we present a unified perturbative scheme,
Brinkman’s hierarchy with two-scaling parameters, ca-
pable of exploring not only these two limits but also the
intermediate regimes.

To achieve this, we convert Eq. (18) into a dimen-
sionless form by introducing the characteristic time and

J

O5Cp, = —V

T(t)

where v = Vioq/Vod, T = Toa/Ts, T = dT/dt, and f =
(loa/To) f is the dimensionless force.

Instead of the two parameters m and v in Eq. (18),
whose magnitudes govern the overdamped approxima-
tion, the two dimensionless parameters 7 and v in
Eq. (19) now play this role. Here, 7 is large (7 > 1) be-
cause we focus on the time scales 7, < Tobs < Tod & Temp-
We also anticipate v > 1, as Viyq > Viq is typically ex-
pected. To systematically expand the orders in Eq. (19),
we need to establish the magnitude relationship between
7 and v. For simplicity, we set v = 7%, where z > 0, indi-
cating that v is of order O(7%). We note that z = 0 leads
to m ~ Tyr2,/12;. Thus, m is a O(1) quantity in the
dimensionless form, which implies that v must be large
to satisfy the condition 7 > 1. Therefore, z = 0 corre-
sponds to the high-viscosity limit. On the other hand,
z = 1/2 gives v ~ TyToa/l?;. In this case, v is a O(1)
quantity in the dimensionless equation, which implies
that m must be small. Therefore, z = 1/2 corresponds
to the small-mass limit. Finally, 0 < z < 1/2 represents
an intermediate regime between the high-viscosity and
small-mass limits.

For 0 < z < 1/2, substituting v = 77 into Eq. (19) and
collecting the leading-order terms result in (for n =0, 1),

Oz = —7% ﬁariél ) (20)

51 :Tz_ly/T(t) (f_/T—BE) 50 . (21)
Plugging Eq. (21) into Eq. (20) leads to the following
dimensionless FP equation:

O5co = —0zJ (w,1) . (22)

\F) [f(x, ) = T(t)02] o1 — %Cn _ IO (\/n(n —1)cp_o + ncn) . (18)

27 (1)

length scales of the overdamped system, denoted as Toq
and l,q, respectively. Using these, we define the dimen-
sionless time, position, and nth coefficient as t = t/70q,
Z = x/loa, and &, = loacn, respectively. Additionally, we
introduce a dimensionless temperature T'(t) = T(t)/T,
where Tj represents the typical energy scale of the sys-
tem. These definitions allow us to specify the typical
velocities of the underdamped system, Vg = +/To/m,
and the overdamped system, Voq = lod/Toa. Using the
quantities defined thus far, we can rewrite Eq. (18) in a
dimensionless form as follows:

(n+ 1)T(t)0zCns1 + vo/nT(t) [f(x, M) _ 8} Cn—1 — TNCy — ﬁ (x/n(n —1)én—2+ nén) , (19)

27(t)

(

where the dimensionless probability current J(z,t) is
given by

J(x,t) = 2571 (f—Toz) e . (23)

As J(x,t) diverges for z > 1/2, which is physically infea-
sible, we restrict our attention to the regime 0 < z < 1/2.
Note that if we convert the dimensionless variables in
Eq. (22) back to their original forms, the equation be-
comes identical to Eq. (8). This shows that the dynamic
equations for overdamped systems are independent of z.

Three different efficiencies: 7y, 1od, and 7Nod+an

Under the setup described in the “Efficiency of heat
engine” section, we numerically evaluate the engine effi-
ciency n = (W) /{Qin) in a periodic steady state, where
(W) = fttio dtk(z?)/2 represents work done by the en-

gine and (Qin) = fg" dtO((Q))(Q) denotes the heat in-
put to the engine. Here, the Heaviside function ©(z)
is defined as ©(x) = 1 for z > 0 and O(z) = 0 oth-
erwise. For this calculation, the parameters are set as
ko = 2, k1 = 64, T, = 300, T}, = Ter\/k(tp/2)/k(tp/4),
tp = 103, and m = 1. We evaluate the input heat in three
different ways: using the underdamped formulation (4),

(Qin)ua = [1° dtO((Q)ua)(Q)ua; using the overdamped

formulation (10), (Qin)od = [o" dO((Q)oa){Q)oa; and
using the overdamped formulation with the addition of

the heat anomaly (12), (Qin)odtan = fotp dt@(<Q>od +

99)((Q)oa + Fg). Note that (W) does not depend on



whether the underlying dynamics are underdamped or
overdamped, as the work is evaluated solely using posi-
tion trajectories. Then, the efficiency can also be defined

in three ways: ny,q = <W>/<Qin>ud7 Nod = <W>/<Qin>oda
and MNod4an = <W>/<Qin>od+an-
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I. BRINKMAN’S HIERARCHY FOR LANGEVIN SYSTEM WITH TIME-DEPENDENT
TEMPERATURE

A. Derivation of the coupled equations for Brinkman’s coefficients

The Fokker-Planck operator Zq of Eq. (3) in the main text can be divided into two parts, reversible #*¢V and
irreversible .Z""" ones defined as

LV = — 4 L9 flz, ), L7 =-— L9 (—’}/U— LT(t) 9 ) . (S1)

- == il il
oz m Qv m Qv m Ov
The irreversible operator .Z* can be transformed into the Hermitianized form £ as follows:

2

Zirr _ _®/2 cpirr ,—B/2 _ mv
L =e®P L Me , where ® = TOR (S2)
By defining the creation ' and annihilation & operators as
. 1 [m [Tt o . 1 [m [T(t) 0
T=_ v — 2= = /= — S3
“ 2V T(t)v m ov’ " 2\ T(t)v+ m Ov’ (83)
£ can be written as
7 S~ Py (S4)

m

As Eq. (S4) is identical to that of the harmonic oscillator, the nth eigenfunction of .Z"" is given by

where 1)y = Ne~®/2? with the normalization factor N = (27T () /m]_l/ * and H,(z) denotes the Hermite polynomial,
ie., Ho(z) = 1, Hy(z) = 2z, Hao(x) = 42% — 2,---. Thus, L"), = —e,1, with the eigenvalue €, = yn/m. The
reversible operator £V can be similarly transformed as

LV = P2greve 2 = —ba — Val, (S6)

where b= \/T(t)/md, and ¥/ = \/T(t)/mdy — /m/T({)f(x, \e)/m.

Up to this point, the derivation procedure is exactly the same as that of the conventional Brinkman’s hierarchy
method [1, 2]. However, in the remaining steps, the time dependence of 1, introduces additional mathematical
complexity, as presented below. By multiplying N~'e®/? to both sides of Eq. (2) in the main text and defining
Pua = 9y ' Paa(z,v,t), we obtain the following:

O:Paa — (Orpy ) Paa = (L7 + L) Paa. (S7)
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We note that the term (9;¢; ') Pua in Eq. (S7) is absent in the conventional Brinkman’s hierarchy calculation [1, 2],
where the temperature has no dependence on time. Explicit calculation leads to

T(t
(8t¢0 Py = /Pud, where ¢ = TEt;Q (T — mw?). (S8)
Now, we expand P,q in terms of the eigenfunction 1),, as
_ oo
Py = Z en(z, t) . (S9)
n=0

Note that the dependence of P,q on the position and velocity is split into purely velocity-dependent functions v, and
purely position-dependent coefficients ¢,. In addition, the y-dependence of the distribution is contained solely in the
coefficients ¢,,. 1, depends on time due to the time-varying temperature 7'(¢). Plugging Egs. (S6), (S8), and (S9)
into Eq. (S7) leads to

Z atcn wn + Z Cnatwn = Z V n + 1 8 CnJrlwn \/ﬁ Z [f(xa )‘t) - T(t)az] Cnflwn
n=0 T(t)m n=1
n=0 n=0

In Eq. (S10), 04, can be calculated as

== 7/¢n - H %%’an—l . (Sll)

Substituting Eq. (S11) into Eq. (S10), we obtain

Z atcn wn - Z V n i 1 a Cn+1wn \f) Z [f(xa )‘t) B T(t)am] Cn—l'l/)n - % Z Cnnwn
n=0 n=0
1)
+2 Z e+ 34/ 2 m T Tvcnwn . (512)

n=0

To extract the hierarchical relationship between ¢,s from Eq. (S12), the following identities are necessary:
/ dv wn wl( ) - nl 5
T
./ dv 7 Yn(0)r(v) = 2 | =20ns = VAT = Ddn—2 = A+ DU+ D] ($13)

/ dv vy, (V) (v F([ n,l— 1+Fnl+l> )

where 6, ; is the Kronecker delta function. To obtain the second and the third equalities in Eq. (S13), the following

relation is used
o n+1
i (0) = |25 na(0) + | 3o ] (s14)

which can be derived using the recurrence relation of the Hermite polynomial, i.e., #Hy, () = 5 Hp41(2) + nH,—1(z).




Multiplying Eq. (S12) by 4; and integrating over the velocity variable yields the hierarchical relationship of the
coefficients. For instance, multiplying Eq. (S12) by 1)y, integrating over the velocity variable, and then using Egs. (513),
we obtain

atCO = — %83301 . (815)
Similarly, by multiplying Eq. (S12) by v, we have
A0 1 v T(t)
Orc1 = - Ozco + D) [f(z, A\t) — T(t)0x]co e 5T ) c1 - (S16)

For general ¥; with [ > 2, the resulting equation, after substituting [ with n, is

N CENIC /A T (N —
atcn = — Tazcn_H -+ W [f(fE, )\t) — T(t)@z] Cpn—1 — Ecn — T(t) ( n(n — 1)Cn_2 + ncn> .
(S17)

As seen in Eq. (S17), the evolution of the nth coefficient is coupled to the (n+ 1), (n — 1) and (n — 2)th coefficients.
Therefore, to solve the coupled equations, all coeflicients must be determined simultaneously. However, in the large -y
or small m limit, we can deduce that the contribution of the higher-order coefficients becomes negligibly small. Thus,
only the first few coefficients are needed in the limit.

Using the orthonormality of the eigenfunctions ,, i.e., ffooo dv Yy = 0pm, we can show that cq is identical to
the marginal distribution of P4 as follows:

Poa(z,t) = / dvPyy(z,v,t) = / dv o P(z,v,t) = ch/ dv Yo, = co . (S18)
—00 —00 n—0 —00

B. High-viscosity regime: z =0

Let us first consider the large-vy regime, which is one of the typical conditions leading to overdamped dynamics.
The other conditions, the small-m and intermediate regimes, will be discussed in Secs. [ C and I E. As the probability
distribution cannot diverge in the large-y limit, ¢, can be expressed as inverse powers of -, as follows:

cn(z,t) = Z D (z, )y . (S19)

Jj=0

Here, ¢y is considered to be of order O(7°) due to the normalization condition | fom dx cg =1 (see Eq. (518)), implying

céo) # 0. Substituting Eq. (S19) into Eq. (S16) and collecting the terms of the same order in v, we find that c§°) =0.
Therefore, ¢; is of order O(y~1!). For n > 2, from Eq. (S17), it is clear that O(c,) = O(cn—2/7). Therefore, we
generally deduce that all ¢,s are of order O(yL="/2), where |- -- | represents the floor function.

The calculation of heat in the overdamped approximation requires the terms up to the order of 7=, as explained in
Sec II. Therefore, we aim to calculate all quantities up to that order. Then, the relevant ¢,, coefficients (n = 0,1,--- ,4)
can be expanded as

2

1 1 1 1
Cco = CE)O) =+ *Cél) + 720(()2), c1 = 7C§1) + 7C§2),
R S CO N S ) _1 @ _ 1@
Co = ;cz + ?62 R c3 = ?CS s Cq = ?04 .

All ¢,, with n > 5 are of higher order than O(y~2). Inserting Eq. (S20) into the coupled equations (S15), (S16), and

(S17), we can construct the hierarchical relationship between cgf ). First, plugging the expanded expressions of ¢y and

¢ into Eq. (S15) and arranging the terms in the same order, we obtain

T(t)

T(t
atcéo) =0, &gc(()l) = — Wamcgl), 8,50(()2) = — #&Ecgz) . (S21)



Next, collecting the same order terms in Eq. (S16), we have the following two equations:

1 o _ 1
0= —=If(z,\t) = T(t)0s]cy’ — —c
20 = TR — el
m__ J2TO) 5 o 1 _ wm_ Lo Tl o
Opey’ = - Opey’ + A0 [f(z, Ae) = T(t)0z]cy . Tt o
From Eq. (S22a) cg ) becomes
1 m 0
A4V =\ [z V) T2

Substituting Eq.(S23) and the expression of ¢ (M from Eq. (S26a) into Eq. (S22b), we obtain c( ) as

@ [ e a) — T8, P + 2 [T (), - MY OM@ A g o)

2 \/ T(t)

() VTR o T

From Eq. (S17), the equation for n = 2 is written as

37(t 2 2 T(t
Opco = — (>813+ \[ flz, M) Ta]Cl—lCQ—L(\/»CO+2CQ).
vm m 2T(t)
Then, following the similar procedure used for obtaining c( ) and 0(12), we get
(1) m (TY
¢y’ = ¢y,
2 2\[ ( > 0
. 5y [
@ = 00 g 0 - MO0 Mg m (T m (T o)
= el Jome” = a0 * R T \T) 0 s\ )
Similarly for n = 3, we get the following equation and c:(f):
T(t 3
Oicg = —2 ( )5’ \/; J(x, M) = T(t)0z] co — %03 (() (\[61 +383) .
3
2 \/6 m 2. 0
o) = 1 (T(t)) D) (2, M) — T(1)D:)e”

Finally, equation for n = 4 and 0512) are given by

5T()8 o+

Oues = 27 (1)

\/ﬁ;;;;,

s 1 /3 T 0
Ci)_S\/;mz (T) C(())~

We have obtained all the coefficients up to the order of v~2

C. Small-mass regime: z =1/2

(x,A\t) = T(t)0z]cs — %64 - & (2\[62 + 4C4> )

in terms of ¢y and its spatial derivatives.

(S22a)

(S22b)

(523)

(S24)

(S25)

(S26a)

(S26b)

(S27)

(S28)

(529)

(S30)

Next, we consider the small-mass limit, which is another condition leading to overdamped dynamics. In this limit,
the coefficient ¢, can be expanded in powers of the mass m. Carefully examining the governing equation (S17), we

can deduce that O(cp41) = O(y/mey,). Therefore, ¢, can be expanded as

=3 (@, t)(vmy .

J=0

(S31)



Since ¢y is of order O(m?), the order of ¢, is O(y/m™). Applying a similar procedure as in the large-y regime, we can

find the hierarchical relationship of ). The results up to order O(m) are summarized as follows: For cg, the results
are

0,0 = —\/T)0,c", 9,V = —/T(1)0,c. (S32)

cgl) and c:(LZ) are given by

1 1
cgl) = ——=|[f—-T0d,] Cgo) , =

s V=l -To) " (S33)

Finally, the expression of céz) is

VT (o)
4T 0

= L1270, f) - 2fT0, + T20] &

Ve (S34)

D. Dimensionless coupled equations for Brinkman’s coefficients with two-scaling parameters

As shown in the previous subsections, high-viscosity and the small-mass limits result in different expressions for
the Brinkman’s coefficients. To address this in a systematic way, here, we present a unified perturbative scheme,
Brinkman’s hierarchy with two-scaling parameters, capable of exploring not only these two limits but also the inter-
mediate regimes. Note that the same derivation is also presented in Appendix of the main text.

To achieve this, we convert Eq. (S17) into a dimensionless form by introducing the characteristic time and length
scales of the overdamped system, denoted as Toq and [l,q, respectively. Using these, we define the dimensionless
time, position, and nth coefficient as t = t/704, T = x/loq, and ¢, = loacn, respectively. Additionally, we introduce
a dimensionless temperature T(t) = T(t)/Tp, where Ty represents the typical energy scale of the system. These
definitions allow us to specify the typical velocities of the underdamped system, Vg = +/70/m, and the overdamped
system, Voq = loqa/Toda- Using the quantities defined thus far, we can rewrite Eq. (S17) in a dimensionless form as
follows:

Osep = —vy/(n+ 1)T(t)0zCn11 + vy/nT(t) V(;{t/;t) - 8] Cpn_1 — TNCy — 2TT(8) ( n(n—1)¢,_2 + nén) , (S35)

where v = Via/Vod, T = Tod /T, T = dT/dt, and f = (loq/Ty)f is the dimensionless force.

E. Intermediate regime: 0 < z < 1/2

Substituting v = 7% into Eq. (S35) for n = 0,1, and 2 leads to

Orcg = —TZ\/T(t)aiél s <S36)

8;61 = —TZ \/ﬁajEQ + TZ\/T(t) |:f(jxj(,t))\t) - 8z:| é(] - 7'61 - 21;5(2)) El 5 (837)

- aw] Gl — 27Co — 2TT(8) (\@EO + 2@) } (S38)

f(fa At)
T(t)

Oty = —77\/3T(1)Bs5 + 77/ 2T (1) {

For 0 < z < 1/2, collecting the leading-order terms for n = 1 and n = 2 result in

e~ T (f/T - 05) o - (S39)

1(t)

G S _méo . (840)

Therefore, the orders of the first three coefficients are O(¢y) = 79, O(¢1) = 77172, and O(¢;) = 7~ 1. The relation for
all higher-order coefficients with n > 3 is given by O(¢,) = O(¢,—2)/7.



As the value of z is not fixed, calculating the higher-order terms is not straightforward. Therefore, we first write
the expansion of ¢, with the leading three terms as

L.y, 1 @

o = E(O) + — 4 il +e (541)
&0

_ 1 _(1 1 —(2

c1 = 7-11 2 7,6 516( ) + TECS ) + (842)
1 1 1

2= (0)+ _(1)+n(3§2>+~' : (543)

_ 1 1 _ 1

Gy = T2_Zc§°)+ o)+ e (S44)

To determine the set of exponents {«;, 5;, Vi, w; }, we substitute the above expansion into the corresponding governing
equations. For instance, to obtain «;, we substitute Eqgs. (S41) and (S42) into Eq. (S36), yielding

ORI
1 1
O; <5§0) +—aM + mét(f)) VT, ( + 4 > : (S45)

T 7-61 7-/82

Matching terms of Eq. (S45) order by order, we obtain

0 =0 | (S46)
1 _ =

—r 0 = To.c,” ($47)
1 . 1 =, (1

Thus, from Eq. (S47), we find that o; = 1 — 2z. Likewise, Eq. (S48) gives as = 1 — 2. More generally, we obtain
ai+1zﬁi—zfori21.
Now, substituting Egs. (S41), (S42), and (S43) into Eq. (S37), we have

RPN A0 A R C
| A+ 5 + 25 | =T V20, —+— +7 f(_— > a4 040
T —Zz T 1 7—,82 1 2z TOt2
(0) () 2 7 =(0) =1 2(2)
c c 2 T [ o a ¢

g <Tl s+t 752> - o7 (le + o+ T62> . (S49)

Matching the leading order terms of Eq. (S49) results in
" =T (
Matching the next order terms of Eq. (S49), TZ\F( f/T —0z)¢ 1)/7'1 22 and —T(Egl)/T’Bl), yields 81 = 2 — 3z and

&V =T (if’ - 8i> el (S51)

NI~

- am> e (S50)

Thus, as =1 — 2 =2 — 4z.
Finally, substituting Eqs. (S41), (S42), (S43), and (S44) into Eq. (S38) gives

TR O\ (F N[
i\ -G T =-T7 +7C3 T 7 %)\ A T s T s

—
Lo, 1 T _(0) I L 2 T 1 (0) 1 &
— 2T (7—02 + i C2 — ﬁ 2 CO + 7-1_22 CO + 7-2_42 CO — ? + o .

(S52)

The leading-order terms of Eq. (S52), —27 (%Eéo)) and — 27; fc(o) are matched as

T(t
o Tl o

2 T 2ﬂT(t) 0 (853)



_ /= _(0) .
By matching the next order terms of Eq. (S52), 7°v2T (i — 8—) (Tsz), —27 (T%Egl)» and —%\/5 (ﬁé&l))
we find that v; =2 — 2z and

— —_ 2 -
T T
&b = = (;i — a) G e p— O (S54)

II. ANOMALY OF HEAT RATE
A. Heat-rate expression in terms of Brinkman’s coefficient

We now focus on the anomaly of heat rate that appears in the Langevin system with time-dependent temperatures.
For an underdamped system, the average heat rate [3] is given by

(@)ud = = (70 )ud + (WO N)ud , (955)

where o denotes the Stratonovich product and (- - - },q denotes the ensemble average with respect to the underdamped
probability distribution P,q(x,v,t). Using the relation (v o n),q = %(t) = —%(t)fdxfdv 00, Pyq derived via
stochastic calculus, Eq. (S55) can be reexpressed as

. oo o .
(Q)ua :/ dx/ dv muJi (z,v,t)

= %/ dac/ dv v® [=0,J5 (z,0,1)], (S56)

where JIIT is the irreversible probability current associated with the underdamped system, given by

alg(wvvvt) = (_W - 'YT(t) 6v> Pud(377v>t) ) <S57)

m m?

and the integration by part is used for the second equality in Eq. (S56). The integrand in Eq. (S56), —0,JI (z,v,t),
can be further manipulated as

— 0y I (z,0,1) = LT Py = Ne™ £ Pyq. (958)

By plugging Eqs. (S58) and (S9) into Eq. (S56) and using the eigenfunction relation "), = —e, 1, with &, = yn/m,
the heat rate can be expressed as

. _ ~ 0 e} oo )
(@t = =3 3 [ [ aviven, (559)
Using Eq. (S14), we can show that
<o e T(t)
dv v wown = m (671,0 + \/ﬁ(sn,Z) . (SGO)

Substituting Eq. (S60) into the integral in Eq. (S59), we obtain
: V2T (t) [
(Q)ua = —7’;} ®) / dx cs. (S61)

It is worth noting that, unlike the overdamped Fokker-Planck equation which includes only ¢y and cg, the heat rate
depends on the higher coefficient c,.



B. High-viscosity regime: z =0

For the large-vy regime, we use the expansion c; = ¢ )/7 + 0(2)/7 + O(y7?), along with Eqs. (S26a) and (S26b),

to obtain
: T [ 1 1 [
@ua= [ o (&4 2d") - ;/ v (= T0) )
f/ dz 0, (f — T0,) mT/ do i +0(2) . (S62)

In the large-y regime, céo) + c(()l) /7 and céo) in Eq. (S62) can be substituted into P,q. The second term on the
right-hand side of Eq. (S62) is identical to the average heat rate in the overdamped approximation, i.e.,

——/WMﬁmwﬁz—i/MMfu—ﬂwah (563)

where Joq(z,t) is the probability current in the overdamped approximation. Moreover, the third term on the right-
hand side of Eq. (S62) vanishes due to the natural boundary condition on J,q. Therefore, we finally arrive at

. T . mT
<Q>ud =5+ <Q>od - H

. (S64)

It is important to note that (Q)Od and 72‘—? are of the same order in «. In the previous literature, only the first

term T/ 2 of the right-hand side in Eq. (S64) is considered for the heat anomaly in the overdamped approximation.
However, this is accurate only for processes with very slowly varying temperature. For temperature-varying processes
with moderate speeds, the last term is also required for an accurate estimation of the heat anomaly in the large-y
regime.

C. Small-mass regime: z =1/2

Substituting the expansion (S31) in the small-m regime into Eq. (S61) leads to

(Q)ua ~ —\/ﬁvT(t)/ dx cg2). (S65)
Using Eq. (S34), we obtain
(Q)ua = 3 dz ¢y’ — de fJoqa+T dx 0yJo4q.- (S66)

The last term of Eq. (S66) vanishes due to the boundary condition. Furthermore, ffooo dz céo) ~ 1 and (Q)oq =
— [ dx fJoa. Thus, Eq. (S66) simplifies to
T

(@t = 5+ (Qoa - (567)

We note that the heat anomalies in the small-m and the large-y regimes are not identical; in the small-m regime, the
heat anomaly consists solely of the term T'/2.

D. Intermediate regime: 0 < z < 1/2
Equation (S61) can be rewritten in the following dimensionless form:

o3} _ oo ]_ ]_
(Qua = frT/ A7 Gy ~ 7\/§TT/ dz (75§°)+ 5§1)> , (S68)

7-2—22




where Q = (Toa/To)Q. Substituting Eqs. (S53) and (S54) into Eq. (S68), we obtain

3 7 0

et gt Bt [ afh (o) o (0]

. . oy o
where the normalization condition, [

dz[e)) + & /71722 ~ 1, is used to obtain the first term on the right-hand
side of Eq. (S69). From the boundary condition, the last term on the right-hand side of Eq. (S69) vanishes. Thus
Eq. (S69) simplifies to

Qa5 = e | daf(F=To0)ef) (570)

If we revert the dimensionless variables in Eq. (S70) to their original forms, the equation becomes

<Q>ud == g + <Q>od . (871)

Therefore, o7 for 0 < z < 1/2 is identical to that for z = 1/2. The key difference from the z = 1/2 case is that the
magnitude of (Q),q is lower than T/2, i.e., O({Q)oq) = 771127

, while they are the same for z = 1/2.

IIT. ANOMALY OF ENTROPY PRODUCTION

A. EP-rate expression in terms of Brinkman’s expansion
The expression of EP rate for underdamped Langevin systems is given by
2

: m (Jod)?
(Stot)ud = T dm/ dv P

(S72)

Using the relation Pyq = ¢0]5ud7 the irreversible current Jlil’g can be manipulated as

) T _
(o s (v + au> 1o Paa
m m

2

(U¢0Pud+ (Dvtho) Pua + %3 Pud)
m

Here, 0,109 = — 221y, and using the relation H/ (z) = 2nH,,_1(z), ,P.q can be calculated as

g o () o ()

0
muv

m o0
2T ann A/ ﬁ ; \% 27167,,1/%—1-

(S73)

(S74)
Therefore, putting these expressions for 9,1y and 9, P.q into Eq. (S73), we have

irr

v T &
wd = T E¢O;Vn+1CTL+11/}n~

(S75)

Plugging Eq. (S75) and the relation Pyq = g Y .-, ¢nn into Eq. (S72) leads to the expression for the EP rate in
terms of Brinkman’s expansion.
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B. High-viscosity regime: z =0

Retaining only the leading-order terms in the expression for the EP-rate in terms of Brinkman’s expansion in the
large-v regime, we obtain

2
. 1 ) [e'e] |:Cgl)’£/)0 + \/iCél)’l/)l} 5
<St0t>ud = mi’y/ d.]?/ dU + O('y )

cg»

ZZ

2 2 2m (Cgl))2 2.2 2v2mc§1)c2
d d
e <o> W R TR

2 2
Lo @) 2 ()
= — / dx +

) O T

(S76)

The integration results, [* dv ¢ =1, [7 dv vy¢ =0, and [*_dv v*93 = T/m, are used for the third equality
in Eq (S76). The first term on the right-hand side of Eq. (S76) corresponds to the EP rate in the overdamped
approximation, as shown below:

)2 _ 712
Lo () e POt e -
my J_ x C(O) T/ z C(o) -1/ IPOd+ (v™%) = (Stot)od - ( )

The second term on the right-hand side of Eq. (S76) simplifies to

2
(1) .\ 2 N\ 2
2 > (02 ) m (T e () m (T
— d ~— | = d ~— | = . S78
mv/_oo T T (T) /_oo T\ T (57%)

Therefore, we finally reach the relation for the EP anomaly:

LN\ 2
<Stot>ud = <Stot>od + % <T> . (879)

C. Small-mass regime: z =1/2

In the small-mass regime, the leading order contribution in the expression for the EP-rate in terms of Brinkman’s
expansion is

2 2
. oo o] (Cgl)l/}o) 00 (Cgl)) .
Goua =y [ do [ ao g =y [ e | 2|~ (b, (550)
—o0 —0o0 Co —00 Co

where the normalization condition, ffooo dv 3 = 1, is used for the second equality. Therefore, we conclude that,
unlike the large-y regime, the EP anomaly is absent in the small mass regime.

D. Intermediate regime: 0 < z < 1/2

The leading-order terms of JI'T and P,q in this regime are given by

Sg = wo Z\/mcn+lwn ~ % Cc1,

m m YV mlyq
P, :@iéw :—86 (S81)
ud lod n'¥n lod 0 -
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Substituting Eq. (S81) into Eq. (S72) yields

ds I [(f-TY%)5$q2
< tOt > ~ 7'/ d.]f E / dz - (0 ’ (882)
ud T . e}

where Egs. (S42) and (S50) are used for the second equality. Reverting the dimensionless variables in Eq. (S82) to
their original ones, we obtain

JZ
(Srot)ug ~ L / A 25 = (Suon)oa - (383)
od

Therefore, no EP anomaly exists for 0 < z < 1/2, and O((St0t>od) =742z,
IV. THE ORIGIN OF HEAT ANOMALY: KINETIC ENERGY CHANGE

In this section, we show that the heat anomaly in the overdamped approximation originates from the change in
kinetic energy. In underdamped Langevin systems, (v?),q is evaluated as

<v2>ud :/ dx/ dvv? Pyg :/ dz/ dv v*1po Puq :/ d:L'ch/ dv v Yoty . (S84)
—o0 —o0 —o0 —o0 —o0 n—0 —o0

Using Egs. (S60) and (S61), Eq. (S84) can be further calculated as

T 2T [ T Nu
Wm=+“/ dz ey = L {Qua (S85)
m m J_s m 0
Thus, the mean kinetic energy is given by
m T m .
E = —(v? ~— - )
(Bic)aa = 5 (0°)a = 5 = 5 ({Qhoa + %) (556)

Up to the order of <Q>Od, the mean kinetic energy is approximated as

<EK>ud = {

Therefore, the rate of mean kinetic energy is

772—3 for z=0 (S87)
for0<z<1/2.

IS

(Ex) = oA - (588)

Equation (S88) clearly shows that the heat anomaly arises from neglecting the kinetic energy change.

V. RAPIDLY CHANGING TEMPERATURE

In this section, we consider the case where the temperature changes rapidly as T/T ~ O(y/m) or T ~ O(r).

Specifically, we set T/T = 27a(t), where a(t) is a dimensionless quantity of order O(7%). From Eq. (S38), the
evolution equation for ¢; can then be written as

05ty = —7%1\/ 3T (t)0zC3 + 771/ 2T () {f(;fét))\t) — 5'35] ¢ — 27¢s — Ta(t) (252 + \/550) . (S89)

We note that ¢ is an O(7°) quantity, as it represents the marginal probability distribution. Therefore, the last term,
—V/27a(t)é, in Eq. (S89) is of order O(7) and diverges in the large-7 limit. Since the probability distribution P,q
does not diverge in this regime, every ¢, must remain finite. Then, the only terms that can compensate for this
divergence are those related to ¢y, namely —27[1 4+ a(t)]¢éz2. This implies that the coefficient ¢ is of the same order
as Cp. Similarly, we can deduce that for an arbitrary n, the order of ¢,_s is equal to the order of ¢,. Therefore,
the expansion of the probability distribution in Eq. (S9) cannot be properly truncated, meaning the overdamped
approximation fails when the temperature changes rapidly.
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FIG. S1: Plots of the time-dependent protocols of k(t) and T'(t) as functions of time ¢. 7
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denotes the period of the engine.
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FIG. S2: Plots of (Q)ud, (@)od, and (Q)od+an as functions of time ¢ for three different values of 7 in the Brownian Carnot
engine model: (a) v = 10, (b) v = 100, and (c) v = 1000.

VI. HEAT ENGINE

The time-dependent protocols for the temperature T'(t) and the stiffness of the harmonic potential k(t) in the
heat-engine model described in the main text are given by

2/ 2
kw:iiﬁﬁbzgoéK“ﬂ» (590)
Tp — 1) /Tp Tp/2<t<Tp
T, 0<t<m/4
() = T k@) k(Tp/4) 1p/4 <t <Ty/2 . (S91)
T Tp/2 <t < 37,/4
Tp/k(t)/k(3m,/4) 3mp/4<t< T

These protocols are visually represented in Fig. S1. To validate our theoretical results through numerical calculations,
we simulate the engine model for three different values of v, while keeping all other parameters identical to those
in the main text. Figure S2 shows the plots of the three heat rates, (Q)ud, (Q)od, and (Q)od+an = (Q)od + g, as
functions of time for v = 10,100, and 1000. In this calculation, o7 for z = 0 is used, as 7y increases to a large value in
this setup. As shown in the figure, for v = 10, the three heat rates do not coincide, as vy is not large enough to ensure
the validity of the overdamped approximation. However, as + increases, (Q)od+an approaches (@Q))ud, whereas (Q)od

does not. (Q)oq coincides with (Q)uq only during the isothermal process, where the temperature remains constant
and no heat anomaly arises.

VII. COMPARISON OF OUR METHOD WITH THE TAV METHOD

We first summarize the time-averaged velocity (TAV) method [4] used for comparison with our result in Fig. S3.
Consider an underdamped Brownian particle trapped in a harmonic potential, whose dynamics are governed by the



13

15H8) [~ - T() 15}(b) 15}(0)
g — (v ray — T(t) with f = 15.92
\;i 10} (vi}m — T(t) with f =5.31 10} 10}
| —<U->our - T(t)
5t 5 5}
[ - - oM o S—
! [ | U R
000 002 004 006 008 000 002 004 006 008 000 002 004 006 0.08
t t t

FIG. S3: Comparison between <v2>TAv and <v2)our. The figures show the time series of (v2)TAv —1T(t), <’U2>our —T(t), and
(v*)Lan — T(t). Two observation frequencies, f = 5.31 and 15.92, are used for the TAV method. The temperature variation
follows the form T'(t) = 300 + at, with a = 0, 400, and 1000 used for panels (a), (b), and (c), respectively.

following Langevin equation:

Ty = vy, MU = —YU — KTt + N, (592)

where 7, represents the thermal noise.
In a typical overdamped regime, the instantaneous velocity is not directly accessible. However, we can estimate the
TAV, 7,(t), by measuring two consecutive positions with a sampling frequency f = 1/(2rAt) as follows:

1 At
Ty(t) = E/ v(s)ds =
t

where At is usually much larger than the relaxation time scale of the velocity. In Ref. [4], assuming the velocity is in
equilibrium, it is shown that the mean-squared instantaneous velocity can be estimated from the mean square TAV
using the following formula:

Tt+At — Tt

A (593)

(vf) = L(f)"'(@}()) , (S94)
where the function L(f) is given by
B 5 i e 25 e*fl/f B efl/f )
wn =2 |+ 5 (5vom 7o (505)

with f, = v/2mm, fo = \/fofe, fo = K/2my and f1 = \/f2/4 - f5.

As an example, we consider the Langevin system described by Eq. (S92) with x = 1, m = 1, and v = 1000.
The temperature increases linearly over time as T'(t) = 300 + at, where a quantifies the rate of temperature change.
We evaluate the mean-square velocity (v2) using three different approaches. First, we obtain (v?)p., by solving the
Langevin equation (S92) numerically, and then, averaging 3.2 x 107 the resultant trajectories. Second, we apply the
TAV method by computing ﬁfc(t) from Eq. (S93) at sampling rates f = 15.92 and 5.31, both at least an order of
magnitude slower than the velocity relaxation rate v/m = 1000, and estimating (v?)rayv from Eq.(S94). Finally, we
use our analytic expression (S87), (v?)our = 2(Ex)/m.

The results are presented in Fig. S3. For a = 0, all three methods yield identical results. However, as a increases,
(v¥)1ay deviates from (v?)1.,, with larger deviation occurring for slower f. This results from the breakdown of
the TAV method’s assumption that velocity remains in equilibrium under rapidly varying temperature. In contrast,
<v2>our remains in excellent agreement with <v2>Lan even for relatively large a. This demonstrates the accuracy of our
method in estimating the kinetic energy in overdamped systems.
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