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Resetting is a strategy for boosting the speed of a target-searching process. Since its introduction over a
decade ago, most studies have been carried out under the assumption that resetting takes place instantaneously.
However, due to its irreversible nature, resetting processes incur a thermodynamic cost, which becomes infinite
in the case of instantaneous resetting. Here, we take into consideration both the cost and the first passage time
(FPT) required for a resetting process, in which the reset or return to the initial location is implemented using a
trapping potential over a finite but random time period. An iterative generating function and a counting functional
method a la Feynman and Kac are employed to calculate the FPT and the average work for this process. From
these results, we obtain an explicit form of the time-cost trade-off relation, which provides the lower bound of
the mean FPT for a given work input when the trapping potential is linear. This trade-off relation clearly shows
that instantaneous resetting is achievable only when an infinite amount of work is provided. More surprisingly,
the trade-off relation derived from the linear potential seems to be valid for a wide range of trapping potentials.
In addition, we have also shown that the fixed-time or sharp resetting can further enhance the trade-off relation

compared to that of the stochastic resetting.
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I. INTRODUCTION

Reset refers to a process that completely erases information
pertaining to the current state of a system and returns the
system to a predetermined setting. Due to the irreversible
nature of the erasure process, a certain thermodynamic cost is
required for physical implementation of the reset. According
to Landauer’s principle, the minimum cost for information
erasure is kT In?2 of dissipated heat to reset one bit of in-
formation [1,2], where kg is the Boltzmann constant and T
is the environmental temperature. This minimum bound is
attainable only in a quasistatic process, which takes an in-
finitely long time. To reduce the reset time, additional cost
should be incurred [3-9]. This indicates the existence of a
time-cost trade-off for the reset process, implying that less
energy consumption requires more time and vice versa; this
trade-off fundamentally constrains the performance of the re-
set process [10,11]. It will be demonstrated that the trade-off
relation prevents instantaneous reset (zero reset time) unless
an infinite amount of energy is provided, which is not feasible
in the real world. Consequently, study on the minimal time
of a process accompanied with resetting should take into ac-
count the thermodynamic trade-off relations which have been
a prominent topic in the field of stochastic thermodynamics
for the past decade [12-22].

Interestingly, it has recently been verified that resetting is
an important mechanism to boost the speed of target search-
ing using a random walker [23-36]. This target-searching
strategy, referred to as stochastic resetting, is crucial for
speeding up several biological processes such as Kkinetic
proofreading [37,38], the chaperone-assisted protein-folding
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process [39-41], molecular transport [42], and chemical re-
action [43]. For example, protein-folding dynamics can be
viewed as a random walk construct, which starts from an
initial unfolded state and then searches for the target (na-
tive state) in a rugged free-energy landscape, as shown in
Fig. 1(a). During the process, proteins are sometimes trapped
in a local minima (misfolded state), which significantly pro-
longs the search time. The chaperone assists in restoring
misfolded proteins back to the initial unfolded state. Then,
the search begins again. This reset significantly reduces the
target-searching time. However, the ATP hydrolysis is neces-
sary for chaperone-assisted resetting of the misfolded protein.
This example clearly shows that the time for searching, ac-
companied by stochastic resetting, should be limited by the
thermodynamic cost.

Previous studies on stochastic resetting focused mostly on
the search time when the resetting occurs instantaneously with
limited interests to the understanding of stochastic thermody-
namics for such processes [44—46]. This leads us to believe
that perhaps a more proper question regarding stochastic re-
setting in reality would be “What is the minimum search time
for a given limited energetic cost?,” which is the main subject
of this study. To answer this, we go beyond the instantaneous
resetting and consider a realistic finite-time reset process that
is implemented by a trapping potential [47-54]. For such a
setup, we evaluate the total work for reset and the global
first passage time (FPT), which includes the time for reset.
Based on these results, we derive a time-cost trade-off relation
for stochastic resetting with finite time returns. Although this
trade-off relation is derived only for a linear potential case,
we numerically demonstrate its validity for a wide range of

©2023 American Physical Society
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FIG. 1. Schematics of finite-time stochastic resetting processes.
(a) Chaperone-assisted protein folding dynamics, from an initial un-
folded state to a final native state, in a rugged free-energy landscape.
When the protein is trapped in a local minima (misfolded state), a
chaperone assists the protein to be reset to the initial unfolded state.
(b) Stochastic resetting run by a Brownian particle. At a random time
with a fixed rate, the position of the particle is reset by applying an
external potential centered around the reset position.

trapping potentials. In addition, we show that the trade-off
relation can be further enhanced when the resets occur after
fixed time intervals, and not at random time intervals.

II. SETUP

We consider a stochastic resetting process for a one-
dimensional Brownian particle in an overdamped envi-
ronment, as shown in Fig. 1(b). The particle undergoes
free-diffusion motion (with diffusion constant D) in the dif-
fusion phase starting from an initial position xp. At a random
time drawn from an exponential distribution fz(t) = re™",
where r is the rate, a potential U (x) is turned ON in order
to bring the particle to a predetermined reset position xg. The
potential is maintained ON until the particle reaches xg with a
different diffusion constant Dy (the reset or return phase). As
soon as the particle reaches xg, the potential is turned OFF and
the particle resumes its free diffusion motion. This diffusion
and resetting process is repeated until the particle reaches or
finds the target position at xt during its diffusive phase [55].
We set xr to the origin without loss of generality. This process
corresponds to the A process in Fig. 2 and can be described
by the following Langevin equations:

. ~2Dn (1),
X =
—03,:U(x) + +/2Drn(2),

where 7(¢) is a Gaussian white noise with zero mean and unit
variance. The global FPT ¢ is given by fg = tp + tr (see the
A process in Fig. 2), where fp and g are the time spent in
the diffusion and reset phases until the particle reaches the

diffusion phase,
(1)

reset phase,

ff A Process
tG= t
T
A B Process
>t
0
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FIG. 2. Stochastic resetting trajectories of A, B, and C processes.
The A process starts from x, in the diffusion phase, and then, se-
quential reset (red-shaded region) and diffusion (unshaded region)
phases continue until the particle touches the target. The FPT for the
A process is given by g = tp + tr. The B process starts from x; in
the reset phase with the duration #z;, and then, sequential diffusion
and reset phases continue until the particle touches the target with
the duration f;. The C process is obtained by eliminating all the reset
phases of the A process, and thus the FPT of the C process is simply
given by fp.

target, respectively. We note that fp corresponds to the FPT
when the reset is instantaneous (see the C process in Fig. 2).
Such a stochastic resetting process with stochastic returns
using an external trap was introduced in Refs. [53,54] where
various nonequilibrium properties such as the steady-state and
relaxation phenomena were studied. Evidently, our model (1)
is a generalization of those in Refs. [50,52], where only the
deterministic dynamics of the reset phase, i.e., Dgr = 0, was
considered.

III. FIRST PASSAGE TIME

Inspired by the Brownian functional method [56,57], we
introduce the iterative generating function method to evaluate
the nth moment of . First, the moment generating function
of i for the A process (starting in the diffusion phase) can be
written as

QA(p|x0)=/0 dig e " Pa(tglxo) = (e77°),  (2)

where Pa (tg|x) is the probability density function of g for the
A process with the initial position x.

Now we consider the B process as illustrated in Fig. 2 for
subsequent utilization in the calculation of Eq. (6); it starts
from x; in the reset phase and terminates when the parti-
cle touches the target (origin) in the diffusion phase. The B
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process can be divided into two parts; the first reset phase
and the remaining part with durations fz; and z(;, respectively.
Then, the moment generating function of the global FPT for
the B process, fr; + 1, can be written as

o0 o0
Os(plxy) = / dix: f dtly e WD Py (s 1), (3)
0 0

where Pg(fri, t;)x1) is the joint probability density function
of tg; and ¢t for the B process with the initial position
x1. As gy and ¢ are independent variables, Ps(tr1, t;|x1) =
Pr(tr1lx1)Pa(t§|xr), where Pr(t|x) is the probability density
function for a single reset phase taking time ¢ with the initial
position x. Consequently, Og(p|x;) can be expressed in a
product form as

Os(plx1) = Or(plx1)Qa(plxr), “4)

where Qg (p|x;) is the momentum generating function of the
FPT for a single reset phase defined as

Or(plx) = fo dt e Pa(1x). )

See Appendix A for detailed calculation of Qg (p|x).

Now we construct a differential equation for Qa (p|xo) with
respect to xo. We divide the A process with the duration 7
into the initial infinitesimal part with the duration At and
the remaining part with the duration 7 — At. During the first
infinitesimal diffusion process, the dynamics may be switched
into the reset phase with the probability r At (reset rate r), and
then the remaining process becomes the B process starting
from x), = x(At) = xo + ~/2Dn(0)At. Otherwise, the diffu-
sion phase continues with the probability 1 — rA¢ and then
the remaining one becomes the A process starting from x;.
Therefore, one can write Qa (p|xp) in an iterative way as

O (plxg) = e PAI (e Plic=AD)

= e "M (Qa(plx))(1 — rAL) + Qp(plx))rAt).
(6)

Equation (6) is iterative in Qa(plx), since Qp(p|x}) can be
replaced by Qa(p|x) from Eq. (4). By expanding Eq. (6)
and keeping terms up to the order of Af, one can obtain the
following backward differential equation of Qa (p|xp):

[D3; — (p+ r)]Qa(plxo) + rOr(plx0)Qa(plxr) = 0. (7)

By solving Eq. (7), one can obtain Qa(p|xo). Then, the mth
moment of 7 can be calculated as

(1) = (—=1)"9" Qa(plxo) | pso- ®)

IV. WORK FOR RESET

Work fluctuations in resetting processes have been of top-
ical interest in recent times (see Refs. [58,59]). However, all
these works measure work due to the modulation of an exter-
nal control parameter. In contrast, in our setup, work is done
when the external potential is switched on at the beginning of
every reset phase and thus the Brownian particle gains energy
from the external potential. Since the potential has no time
dependence during the reset phase, there is no further work
done on the particle. Note that the potential energy gained by
the particle is completely dissipated as heat throughout the

reset phase. Suppose there is a single stochastic trajectory, as
shown in the A process of Fig. 2, where each reset phase starts
attime t; (i = 1,2, ...). The total work W for the trajectory
is calculated as the sum of the potential values evaluated at #;,
with the potential set to zero at the reset point. This summation
can be expressed more generally by the counting functional:

Vix(0)] =/0 Z[x(1))dt, €))

where Z[x(t)] = >, 8(t — t;)w[x(¢)] with a weight function
w[x(¢)] evaluated at z. This functional yields the quantities
related to the number of resets during the whole process: For
instance, when w(x) = 1, V[x(#)] yields the total number of
resets during the process, and when w(x) = U(x), V[x(t)]
corresponds to the total work W.

Evaluating the general moments of V can be conveniently
carried out by considering the trajectory of the C process as
shown in Fig. 2, which is obtained by eliminating all reset
phases from the original trajectory of the A process. It is
important to note that the counting functional V yields the
same value for both trajectories. In fact, the trajectory of the C
process corresponds to that of instantaneous resetting. Thus,
Eq. (9) can be evaluated on the corresponding trajectory of
the C process with V[x(t)] = O’D Z[x(¢)]dt. The generating
function for V is then given as

Oc(plxy) = /0 AVe " Pe(Vixo) = ), (10)

where Pc(V|xp) is the probability density function of V for
the C process. By dividing V [x(¢)] into the initial infinitesimal
part with the duration At and the remaining part as V [x(¢)] =
Z[x(0)]Ar + f;Dt Z[x(¢)]dt, one can rewrite Eq. (10) as

1,

Oc(plxo) = (e—pZ[X(O)]Ate—pfA? Z[X(l)]dt>. (11)

During the initial infinitesimal process, resetting occurs with
the probability rAz. Then the next position x; is reset to
xr and Z[x(0)]At = w(xp). Otherwise, with the probability
1 — rAt, the diffusion phase continues, and thus, x; = xo +
V2Dn(0)Ar and Z[x(0)]Ar = 0. Similar to Eq. (6), Eq. (11)
can be written as

Oc(plxo) = (1 — rAt)(Qc(plxo + +2Dn(0)Ar))
+ rAte P50 (plag). (12)

By keeping terms up to the order of Az, we finally arrive at
the following backward differential equation of Q¢ (p|xo):

[D82 — r]Qc(plxo) + re P 0c(plxg) = 0. (13)
The mth moment of V is then calculated as

(V™) = (=1)"9,; Qc(plxo)| p—0- (14)

V. LINEAR POTENTIAL CASE

We analytically solve the backward differential equations,
Egs. (7) and (13), for a linear potential in x as

U(x) = alx — xg|", 15)

with a >0 and n=1. This linear potential leads to

Or(plx) = e W=l with  A(p) = (\/a® + 4pDg —
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a)/2Dg. This Qr(p|x) can be used to solve Eq. (7) explicitly
(see Appendix B). In particular, for xo = xR, the solution of
Eq. (7) is rather simpler as

e (P
Oa(plxgr) = m, (16)
where pu(p) =/ (p+r)/D and fa(p,xr) =1+ v(p) —
v(p)e  HPrtnplw _ 2"5:"(_)3)(1’) sinh[(p)xgle HPP= with

v(p) =r/[D)\*(p) — (p+7r)]. The mean FPT is then
evaluated by utilizing Eq. (8). The result is

(tg) = —0,0A(PIxR)|p—0

= (tp) + i[2 sinh(axg) — axg], a7
ax

where o = /r/D and (tp) = (e** — 1)/r is the mean FPT
with the instantaneous resetting strategy [23]. The detailed
derivations for Egs. (16) and (17) are provided in Appendix B.
The second term of the right-hand side in Eq. (17) represents
the (positive) extra time due to our finite-time reset strategy.
As a — oo (infinitely steep potential), this extra time van-
ishes, thus representing the limit of instantaneous resetting.

To evaluate the total work, we substitute w[x(z)] = a|x —
xr| into Eq. (13) and solve for Qc(plxp), with xo = xg. We
find

—OXR

Oc(plxr) = (18)

fe(p, xr)’

where fo(p,xr) = 1 + y(p) — y(p)e~ Pt _
Ly (p)sinh(axg)e %, with y(p) = r/(Da’p* —r). The

mean total work is then calculated as

(W)

_8pQC(p|xR)|[’—>O
= 2[2 sinh(xg) — axr]. (19)

Note that the work diverges in the ¢ — oo limit (instantaneous
resetting), indicating an intrinsic trade-off between time and
cost. The detailed derivation for Eqgs. (18) and (19) are pro-
vided in Appendix C. We now turn our attention to another
interesting limit » — 0 (thus, o — 0). Intuitively, one would
expect the average work to be zero in this limit since no work
is done without resetting. However, following Eq. (19), one
finds lim,_,o(W) = axg, which is a finite nonzero quantity
that depends on the potential strength. This implies that the
limit of the zero resetting rate is not equivalent to the bare
process where no reset takes place at all. Thus, there exists a
discontinuity in the average work at r = 0. This is attributed
to the fact that the average number of resets vanishes as oxg,
but the work per one reset diverges as a/«, since the particle
diffuses far away from the origin for a long duration before
reset occurs. For this reason, mean work remains to be finite
in the limit » — 0.

Figure 3(a) displays the plot for (¢tg) versus r for various
values of a, which indicates that simulation results agree well
with Eq. (17). Note that D = 0.5 is used for all numerical
calculations throughout this study. As shown in the figure,
(tg) is a nonmonotonic function of r; thus, it is minimized at
some optimal rate r = r§ which is the solution of 9,(fg) =
0. As expected, (fg) approaches (fp) as a increases. It has
been demonstrated in the figure at the end of Appendix B,

a=0.5

0.02 0.04 0.06 0.08 0.10
T

FIG. 3. Analytic and numerical results for stochastic resetting
with finite-time reset. Plots for (a) (fg) and (b) (W) as a function
of r for various values of a with the parameters xo = xg = 5 and
D = Dy = 0.5. The solid curves of plots (a) and (b) represent the
analytic results obtained from Eqs. (17) and (19), respectively. All
data points are obtained by averaging over 103 trajectories.

that rg and (fG)|,=; saturate the optimal rate rp (solution
of d,(tp) = 0) and the corresponding mean FPT (ip)|,—; for
instantaneous resetting, respectively. Figure 3(b) displays the
plot of (W) versus r. In contrast to (tg), (W) is a monotoni-
cally increasing function of both r and a. Simulation data are
in excellent agreement with Eq. (19).

We note that the mean FPT, Eq. (17), is independent of Dg.
In fact, Eq. (17) is exactly the expression for the mean FPT
as was obtained for the model with Dg = 0 in Refs. [50,52].
This is because the return time due to dragging with a con-
stant velocity as was done in Refs. [50,52] is identical to the
return time due to stochastic return (only in the mean level).
However, the fluctuations in FPT and the role of higher-order
potentials should have different results compared to those with
the deterministic reset dynamics. This point is emphasized
in Fig. 4, which is the plot for the standard deviation of the
global FPT 0 = v/ (té) — {tg)? as a function of r for various
Dg. The curves in the plot are evaluated from Eq. (8). This plot
clearly demonstrates that the fluctuation of the FPT depends
on Dg.

VI. TRADE-OFF RELATION

It is evident that instantaneous resetting is not possible
unless an infinite amount of work is provided. Thus, in order
to address the physically meaningful question “What is the
minimum FPT for a given cost?,” we reformulate the mean
FPT (tg) in terms of work (W) instead of the potential strength
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FIG. 4. Standard deviation of the global FPT as a function of the
resetting rate r for different values of Dg = 0 (brown dashed line),
Dg = 10 (blue line), 50 (red line), and 100 (black line). (Inset) Mean
FPT for different values of Dg which shows its invariance under Dg
modulation unlike the standard deviation o.

a, using Eqgs. (17) and (19), as

(tg) = (o) + )[2sinh<axk>—axR]2. (20)

1
aZ(W
Equation (20) clearly shows the trade-off relation between the
mean FPT and average work: Large work leads to small time,
and vice versa. We introduce the notion of excess time (ts)
as the mean FPT with reference to the minimal mean FPT for
instantaneous resetting, i.e.,

{tex) = (t) — (ID)lr=r; 2n

where r = r{j is the optimal resetting rate at which the mean
FPT, with instantaneous resetting strategy, (fp) iS minimum.
By solving 9, (f.x) = 0 for fixed (W), we determine the reset-
ting rate r = rZ, that minimizes (fex). The minimum excess

time (fex)|,=r: is plotted (with a black solid line) against (W)

100 en=025 en =2 1

en =075 sn=4 I

- 60 on=1 <tex>‘7“:r;x ]
=

FIG. 5. Trade-off relation between excess time and work, i.e.,
plot of (t) as a function of (W). The solid curve denotes the
minimum excess time (fex )|, for a given work, derived for n = 1.
Data points are obtained from the simulation with various potential
strengths a, reset rates r, and potential exponents n. Each point is
obtained by averaging over 103 trajectories.

« r =10

TR = 12
« TR =14
T . =16
v TR = 18
Lo R=20
s TR =25

R = 30
. =35

L —{ta) r=rs,

05 1 ‘ 5 10 ‘ 50

FIG. 6. Trade-off relation between mean FPT and average work.
The solid curve denotes the minimum value of the global FPT
{tG)|,=rs, for the Poissonian (stochastic) resetting protocol. Data
points are obtained by numerical calculation of the mean FPT and
(W) for the sharp resetting protocol for various tx’s.

in Fig. 5, which serves as the lower bound of (z.) forthen = 1
case.

To verify this, we first performed numerical simulations
to obtain (f.x) and (W) for the n = 1 case and constructed
a trade-off plot as shown in Fig. 5. Each point there for
a given resetting rate and a is denoted by an orange open
circle. More data points are obtained by varying a and r
in the ranges 0.2 < a <3 and 0.005 < r <0.1. See also
Appendix C where we have illustrated the case of n = 1 in de-
tail. As shown in the figure, all data points are above the lower
bound curve (fex)|,=r: . We repeated the same simulations for
different potentials by varying n, i.e., n = 0.25, 0.5, 0.75, 2,
3, and 4, keeping the same variation for a and r. The results
are also plotted in Fig. 5. Surprisingly, for any value of n,
all the data remain lower bounded by the minimum curve for
n = 1. This suggests that the minimum curve derived from the
linear potential could serve as the lower bound of a universal
time-cost trade-off relation for general finite-time stochastic
resetting processes. Further study is necessary for elucidating
the optimality of the bound.

Since our primary goal is to minimize the mean FPT for
given energy resources, it will be worthwhile to investigate
other resetting strategies. In Refs. [32,60], it was shown that
the sharp resetting strategy—where the resetting is conducted
stroboscopically i.e., after every fixed time interval ty—can
render the mean FPT globally optimized in the case of in-
stantaneous resetting. It is, thus, natural to investigate the
trade-off relation when sharp resetting is employed in the
case of finite-time return. We have calculated the mean FPT
and the average work for a Brownian particle undergoing a
finite-time resetting process using a sharp resetting protocol
(details provided in Appendix D). In Fig. 6, the FPT for the
sharp resetting protocol is plotted against the average work
done on the system for different tr’s. For comparison pur-
pose, we also draw the optimal bound curve (fG)|,=.+ of the
stochastic (Poissonian) resetting protocol, which is essentially
the same curve presented in Fig. 5. It is important to note
that for some values of 1R, the trade-off curve for the sharp
resetting protocol is well below the curve of (tG)|,=. . This
implies that for fixed energy resources, the mean FPT can be
further lowered using a sharp resetting protocol.
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VII. CONCLUSION

In this study, we examined the thermodynamic cost and
the first-passage time (FPT) of the stochastic resetting pro-
cess, in which the reset is implemented using the trapping
potential given by Eq. (15). We find a time-cost trade-off
relation in stochastic resetting, where the minimum FPT can
be decreased with increased work, and vice versa. Our re-
sult clearly demonstrates that, while instantaneous resetting
is always faster in target-searching, it requires an infinite cost,
making it neither practical nor efficient from the viewpoint
of energetics. The trade-off relation we found appears to be
valid for a wide range of trapping potentials. Therefore, this
trade-off relation could be used as a standard reference for in-
vestigating various processes accompanied with a finite-time
stochastic resetting process, where the reset is not controllable
but occurs at random times such as in biological systems.
However, in the case where the reset is controllable such as
in some artificial systems, the trade-off minima curve can be
further lowered by using a different resetting strategy, namely,
the sharp resetting protocol. Our results could lead to the con-
struction of thermodynamically efficient searching strategies
with finite energy resources, which could be especially use-
ful in experimental studies of biophysical and single-particle
systems [37-41,61,62] pertaining to finite-time stochastic re-
setting.
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APPENDIX A: MOMENT GENERATING FUNCTION
OF FPT IN A SINGLE RESET PHASE

We consider a Brownian particle moving in an external
potential U (x) that is centered around the resetting position
xr. The dynamics of the particle is described by the following
Langevin equation

where 7(¢) is a Gaussian white noise with zero mean and unit
variance, and Dy is the diffusion constant for the reset phase.
The particle starts at a position x; and we want to find the
time when it reaches the position xg for the first time. This
is a typical reset phase scenario in a resetting dynamics with
finite reset time.

The moment generating function of the FPT #g to return to
the resetting position can be written as

(AL)

Ox(plx1) = / PR PRt )i = (€7%),  (A2)
0

where Pg(fr |x1) is the probability density function of 7z given
the particle starts the reset phase from the position x;. Now we
divide the FPT of the reset process #g into two parts: The initial
infinitesimal time Af and the remaining time fg — A¢. The
position at time ¢ = At is given by x; =x; + [-3.U(x) +
/2Dgrn(t)]At. Therefore, the expression of Qr(p|x;) can be
rewritten as

Or(plx1) = (" Qr(plx})
~ (1 — pA)(Qr(plx) — 8, U At + /2Dgn(0)A))
~ (1 — pAD(Or(plx1) + 35, Or (Pl {8, U
+ V2DR1(0)} Ar + 182 Or(plx){—0,U
+ V2Drn(0)} (A1)
~ Or(plx1)—pQr(plx1) At —(dy,U)dy, Or (plx1) At
+ Drd; Qr(plx1)At.

Hence, the backward differential equation of the moment gen-
erating function for the reset phase can be written as

Dg3;, Qr(plx1) — (35,U)dy, Or (plx1) — pOr(plx1) = 0.
(A3)

The boundary conditions for solving the above equation for
p >0 are Qr(plx; - xg) =1 and Qr(plx; — £00) =0,
with Or(0|x;) = 1. Since we are interested in the derivative
of Or(p|x;) with respect to p at p = 0, it is not necessary
to consider the case for p < 0. We consider a linear trapping

potential U (x) = a|x; — xg| (a > 0), yielding
—0,U = —a, x1 2,
=da, X1 < XR.

In the region x; > xgr, Eq. (A3) is written as

DRa)?l Or(plx1) — ady, Or(plx1) — pOr(plx1) = 0.  (A4)
The solution of the above equation is given by
Or(plx) = C1e" ™ + Crdh ™, (AS)

where A% = V¢ +417DR. Using the boundary condition
Or(plx; = 0) = 0 = C| = 0 and using Or(plx; — xRr) =
1 = C, = e~* *®, Hence, for x; > xR,

Va2 +4pDgr —a
2Dg

In the region x; < xg, Eq. (A3) is written as

Or(plx1) = exp [ - (x1 — xR)i|- (A6)

DR} Qr(plx1) + ady, Qr(plx1) — pOr(plx1) = 0. (A7)
The solution of the above equation (A7) is given by
Or(plx) = C1e" ™ + Codh ™, (A8)

where A%t =~ > a2+4p S VARALY Using the boundary condi-
tion Qr(plx; — oo) =0 = C, =0 and using Qr(plx; —
xr) =1 = C; = e*"*_Hence, for x; < xg,

JVar+4pDg —a

Or(plx1) = exp [ - 2Dx

(R — Jﬁ)}- (A9)
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Combining the two expressions in Eqs. (A6) and (A9), the
moment generating function is

JVa%+4pDg —a

Or(plx1) = exp [ - 3Dx

X1 — xRI} (A10)

APPENDIX B: CALCULATION OF THE GLOBAL FPT

The backward differential equation of Qa (p|xp) is given by

DA Oa(plxo) — (p + POA(P1X0)+7Oa(plxr)Qr (plx0) = 0.
(BI)

Using Eq. (A10), the above equation can be rewritten as

D2 Oa(plxo) — (p + 1)Qa(plxo)

+ rexp[—A(p)lxo — xr[1Qa(plxr) = 0 (B2)
where A(p) = —MZ;XZL)R_U. The above equation (B2) is

solved in two regions, namely, Region I: xy > xg, and
Region II: xy <xg. In Region I, Eq. (B2) can be
written as

The solution of Eq. (B3) is
0\ (plxo) = Cre PP 4 Cye= P

— V(P)Qa(plag e M0, (B4)
where w(p) =/ (p+7r)/D and v(p) =r/[DA*(p) — (p +
r)]. In Region I, Eq. (B2) can be written as
D3; Ox(plxo) — (p + r)QX(plxo)
+ rexp[—A(p)(xr — x0)1Qa(plrr) =0 (B5)
The solution of Eq. (B5) is
Q (plxo) = C;e”“(”)"” + Cye —1(p)xo
— V(P)Qa(plag e PR, (B6)

The constants in the above expressions (B4) and (B6) for
0L (plxo) and QY (plxo) are determined by the following four
boundary conditions: (i) Qi\(p|x0 — 00) =0, (i) Q (plxo —
0) = 1, (i) Q) (plxo = x§) = QX (plxo — xz) = Oa(plrr),
and (iv) onQg(plxo)le_)x; = 3XOQH(P|XO)|xO—>x,;~

Boundary condition (i) suggests C; = 0. Using boundary
condition (ii), we have

2
Dd; Q) (plvo) = (p + Qi (plvo) Cs + Gy = v(p)e™ P Qa(plar) = 1. (B7)
+ rexpl—A(p)(xo — xr)1Qa(plxr) = 0. (B3)  Using boundary condition (iii), we get
|
Coe™" PP — v(p)Qa(plir) = C3e" P + Cae "™ — v(p)Qa(pliw)
= Gy = G ™ 4 (. (B8)
Using Boundary condition (iv), we have
—(P)Cae™ P+ v(PI(PIQa(plrr) = W(PICse" PP — p(p)Cae™"PM — v(p)A(P)Qa(Pliw),
2v(p)r
Cze*M(P)XR + C3eM(P)Xo _ C46*H(P)Xo — v(p)A(p) Oa(plxr),
n(p)
[C%eZM(p)xR + C4]e_M(P)XR + C3e“(”)x° _ C4e—u(p)xO — 2v(p)A(p) Oa(plxr)
k () )
2v(p)Ar
20 = 2D o 1,
n(p)
= 0 = LMD o plgre o, (89)
w(p)
The expression of Cy4 can be calculated by plugging Eq. (B9) into Eq. (B7),
- v(p)A(p) -
Ci = 1+ v(p)e P Qu (plr) — L2 0 (plag e P (B10)
n(p)
Using the expressions of C3 and C, in Eq. (B8), we have
A
[ ML 0l )e‘“‘”)’““k”("”‘* 1L v 00y (plaw) — "L, (plag s
n(p) n(p)
= L+ (e P 0 () + 2L )( ()” 0splawfe P — e
Iy 2v(p)r(p) .
=14 v(p)e P Op(plxr) + l}i—p)QA(me)smh[M(P)xR]- (B11)
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Hence the expression of the moment generating function in Region I is

Q,IA(P|xO) — e—#(ﬁ)xo + U(p)e—)n(p)xke—lt(ﬁ)xo QA(P|XR)
2v(p)M(p)

() 2w sinh[(p)xrle ™7 — v(p)Qa(plag e P00, (B12)
The expression of QO (plxg) can be calculated by replacing xy with xg in Eq. (B12) as
—a(on _ w , 2v(PA(p) . —u (o)
Oa(plir) = e P [v@)e o =TS sinhlja(ple P v(p) | Qa(phr)
= Oa(plrr) e e (B13)
plar) = .
AR 1+ v(p) — v(p)e PP +rPIw — M sinh[(p)xg e~ HPIr fA(p, XR)

Considering the Brownian particle to be reset to its initial position, i.e., xyp = xg, the FPT to reach the global target at the origin
is

e Hp)w e~ P
——dpu(p) —
fap.xr) ” F2(pl)
= [xROA(PIXR)B1(p) + P QL (Plxr)B, fa (P, 2R)]| g

= xR QA (O1xR)pt(P)| pso + €O O3 (01xR )3, fa (Py XR )| pso- (B14)

(tg) = —0,0A(PIxR)|p—s0 = —|: — XR pfA(P, XR)]

p—0

In addition, we have

wp)=+(p+r)/D; w0)=.r/D=a;
Va2 +4pDgr —a

1 1 1 1
d == 0 )= = =
pi(p) NPV (D)l p—0 S5~ 2Da

1 1
A(p) = ;o AM0)=0; 9pA(p) = —————==3 A (P)p—0o=—,
2Dg ’ Va% + 4pDg g r a
r r r[2DA(p)d, (p) — 1]
VP = gt V(0) = =~ 1} du(p) = — s T =
Dr*(p) —(p+71) Dr*(0) —r [DA*(p) — (p+71)]
r[2DA(0)3pA(p)lp—o — 11 1
0 0= — =-. B15
pv(p)|p 0 [DKZ(O) — P . ( )
The above expressions yield
3pfA(P, xR)|p—>O = apv(p)lp—>0 - apv(p)|p—>Oe_[M0)+M(O)]XR - V(O)xRe_[MO)_FM(O)]XR [ap)\(p)lp—>0 + 3pM(P)|p—>O]
2v(0) . (O
= 0) Sinhlu@)xele O A (Pl p—0
1 1 1 1 2(—1 1
== ;e“"x“ + (_1)XR€_O[XR|:; + 2\/5:| — (a ) sinh[am]e“""“;
1(1 —axR) —OXR 1 + 1 + 2 h[ ] —QXR
=—-(1—-e — Xre — —sm axgle”*R,
r R 2D« R
e (0w e R
Olxr) = =
Qa(Olxr) FO,xR) 14 v(0) — v(0)e—MO+rO) —2”532(’)\)(0) sinh[(0)xg Je~#Oxx
- ¢ —1. (B16)
[+ (=) = (=Deew
Therefore, the expression of the global mean FPT is
(10) = o 4 | 11— o) e () 2 Sinh(axg)e
= — — — sin
G 2D XRé€ 2Da ac QOXR )€
XR xR XR 1
= — —-1)— — — —+ —sinh
"~ 2Da + ( ) a 2Da + sm (ex)
1
= (tp) + —[2 sinh(axg) — axr], B17)
ao

where (fp) = (¢*™® — 1)/r is the mean FPT to reach the global target at the origin with instantaneous resetting.
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FIG. 7. Analytical plots for linear trapping potential showing the convergence of the results of finite-time stochastic resetting to those of
the instantaneous resetting process at large values of strength of the potential a. (a) Plot of the optimal resetting rate rg as a function of the
potential strength. (b) Plot of the mean FPT at the optimal resetting rate r = r{; as a function of the potential strength. In both plots the black

dashed line represents the results of the instantaneous resetting.

The global mean FPT has a minima with respect to the
resetting rate (see Fig. 3). The optimal resetting rate and
the corresponding minimum mean FPT is plotted against the
potential strength in Fig. 7 along with their limiting values.

APPENDIX C: CALCULATION OF WORK

The backward differential equation of Qc(p|xo) is given by
D3, 0c(plxo) — rQc(plxo) + re " Qc(plag) = 0. (C1)

To calculate work during the whole process, we replace the
weight function w[x(¢)] with the trapping potential U (x).
Hence, for the linear potential, w[x(z)] = U(x) = alx — xg|
with a > 0. In this case Eq. (C1) becomes

Dd; Oc(plxo) — rQc(plxo) + re ™~ Qc(plxg) = 0.
(C2)

Equation (C2) is solved in two regions, namely, Region I:
Xo > xr, and Region II: xy < xg. In Region I, Eq. (C2) can
be written as
D2 Qt(plxo) — rQE(plxe) + re P~ Oc (plag) = 0.
(C3)

J

The solution of Eq. (C3) is

OL(plxog) = C1e™™ + Cre™™ — y(p)e PSR (plag),

(C4

where y (p) = r/(Dp*a® — 2r). In Region II, Eq. (C2) can be
rewritten as

D2 0% (plxo) — rOR(plxo) + re P ") Qc(plxg) = 0.
(C5)

The solution of the above equation (C5) is

0L (plxg) = C3€™™ + Cae™™ — y(p)e P ) O (plar).
(C6)

Boundary conditions are as follows: (i) QIC (plxo —
0<I>I) =0, (i) OL(plxo — 0) =1, (i) QICI(P|XO — xg) =
c(plxo = xg) = Qc(plxr), and (v) 95, Oc(plX0)gy i =
axo QICI (p|x0)|xo~>x1§ .
Boundary condition (i) suggests C; = 0. Using boundary
condition (ii), we have

C+C4 =1+ y(pe "rQc(plrr). (C7)

Using boundary condition (iii), we get

Cre™™* — y(p)Qc(plar) = C3¢*™ + Cpe™ ™ — y(p)Qc(plar)
= G = G3e™™* + Cy. ©%

Using boundary condition (iv), we obtain

—aCe™ ™™ + pay (p)Qc(plar) = aCse

R — qChe”*™® — pay (p)Qc(plxr),

a[Cre™ ™™ 4 C3e™™* — Cue**] = 2pay (p)Qc(plrr).

2pa
C3e™™ + Cye™ ™™ 4 C3e™™ — Cpe™ ™™ = %V(P)QC(PPCR)

pa —QXR
=G = ;V(P)QC(PMR)@ .

(€9)

Using the expression in Eq. (C8), and substituting xo with xg in the expression of Q*(p|x), one arrives at the following expression

of Qc(plxr):

—OX]
e R

— X
e R

Qc(plr) =

L+ y(p) — y(ple~ratere — 2%y (pysinh(axg)eex  fe(p.xr)’

(C10)
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Considering the Brownian particle to be reset to its initial position, the average work done until the Brownian particle reaches

the target for the first time is

(W) = _8pQC(p|xR)|p~>0 =

= " * Q& (01xR )3 fe (Py XR )| pso-

Now, we have

Je(p,xr) =1+ y(p) —v(ple

Ipfe(p. xr) = 0,y (p) — Bpy (ple” P + axgy (p)e
2
— ﬂapy(p) sinh(axg )e™
o
2a . _
A fe(p, xR p—0 = Y (P)lp—0 — Y (P)]poe” ™™ + axgy (0)e”*™* — ;V(O) sinh(axg )e
r
= 0)=—1, 8 =
y(p) Dy —r = y(0) by (P)

2a .
20 fe(p, xr)|pso = —axge” R + ~ sinh(axg )e

Hence, the final expression of the average work is

—(pa+a)xg

—OXR

apr(pa XR)|1J~>0

2
(W) = e*® Q2(O|xR)|:—axRe0”‘R + -« sinh(osz)e‘”R]
a

= g[2 sinh(axg) — oexg].
o

APPENDIX D: TRADE-OFF RELATION
FOR LINEAR POTENTIAL

Here we discuss the trade-off plot for the linear trapping
potential in detail. In Fig. 8, we have plotted (fex)|,= (the
solid curve) along with seven different sets of simulation
(shown by the data points) of (t.x) and the average work (W)
in the joint phase space. Each set corresponds to a particular
value of the potential strength a as shown in the figure. To ob-

a=0.2 - n=1
80 :,' <tex> |r:r;x ]
o 4 2 a= 3
0,
0 10 20 30 40 50

FIG. 8. Trade-off relation between excess time and work, i.e.,
plot of (t.) as a function of (W) for the n = 1 case. The solid curve
denotes the minimum excess time (fey) | = for a given work, derived
for n = 1. Data points are obtained from the simulation with various
potential strengths a and reset rates r.

1E(p. xr)
(C1D)
2pa . _
— —y(p) sinh(axg )e™ %,
o
2
—(pa+a)xg __ ;a'}/(P) Sinh(leR)eiaxR
oth’
2Drpa2
D=y 7 Plpo =0,
o (C12)
(C13)

(

tain each of these sets we have varied the resetting rate in the
range {0.005, 0.1} and computed (f.x) and (W), respectively,
from Eqgs. (19) and (21). As expected, all the data points stay
above the lower bound depicted by the solid line. Only when
the resetting rate becomes the optimal one rj, in each case
does the data fall onto the black solid line. We have performed
similar simulations for other potentials and constructed an

extended trade-off plot in Fig. 5.

APPENDIX E: CALCULATION OF MEAN FPT
AND AVERAGE WORK FOR THE SHARP RESETTING
PROTOCOL

Consider a Brownian particle freely diffusing in one-
dimensional space. The particle can reach the target at a
random time, say T, starting from an initial position xo. How-
ever, resetting can occur before the particle finds the target,
resulting in resetting time R < T. In this case, the particle
undergoes a return phase to the initial coordinate assisted by
an external potential U (x). Note that both T and R can be
sampled from arbitrary distribution. Let x be the position of
the particle when the reset phase starts and t(x) be the mean
time required to reach the resetting position xg for the first
time during the return phase. The mean global FPT to reach
the target located at the origin then follows from [52]

_(min(T,R)) | [y dtfr(t) [ dxt(x)Go(x,|x, 0)
“ P(T <R P(T <R)

’

(EL)
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FIG. 9. Numerical results for the sharp resetting protocol. Plots
for (a) (fg) and (b) (W) as a function of tg for various values of a
with the parameters xo = xg = 5 and D = Dg = 0.5.

where fr(t) is the probability density function of the reset-
ting time. For example, in the case of stochastic resetting,
fr(t) = re”", and for sharp resetting, fz(¢t) = §(t — ). The
propagator Gy(x, t|xg, 0) in Eq. (E1) is the conditional proba-
bility density to find the particle at position x at time ¢ given
that it started at xo at time r = 0, but in the presence of the
target [63]

1 x—x0)2 )2
Go(x. tlx0, 0) = m[e—(w‘?) e T )
JT

Finally, for a simple Brownian particle, the mean reaching
time 7 (x) under the linear potential U (x) = alx — xg| is given
by

£(x) = —3, 0k (PO = '2—' (E3)

Plugging all these expressions together into Eq. (E1) does not
yield a closed expression; hence, we evaluate (fg) numerically.
The result is plotted in Fig. 9(a).

Similar to the mean first passage time, one can construct a
renewal equation for the work by noting that it depends only
on the number of times the particle undergoes a reset phase.
Following the method presented in Ref. [52], one can then
write a renewal equation for the work as

W=0 ifT <R,

—Ux)+W ifR<T, (E4)

where W' is an independent and identically distributed copy
of W which again has the possibilities to accumulate zero or a
finite quantity. The above expression (E4) can be rewritten as

W =IR<DIUEK) +WT], (ES)

where I(R < T) is an indicator function which takes value 1
if R < T with probability P(R < T) and is zero otherwise.
Taking expectations on the both sides of Eq. (ES), we have

(W) =R < DIUK) +W)
=(IR<TUW)+PRSTHW),  (E6)

where in the last equality we have considered the fact that
W’ is independent of W and (I(R < T)) = P(R < T). Finally,
(W) = (W’), since W' is an independent and identically dis-
tributed copy of W. Therefore, a simple rearrangement leads
to
(IR < THUW))
W)=—7F7—%—" (E7)
P(T <R)

which can be computed as shown in Ref. [52]. Following this,
one finds

B Jo7 dtfr(@) [ dxU(x)Go(x, t|xg, 0)
h P(T <R) '

(W) (E8)
For sharp resetting, we have calculated Eq. (E8) numerically.
The result is plotted in Fig. 9(b). Since g represents the time
for the diffusion phase, higher values of tg imply lower num-
bers of the reset phase and, hence, lower average work. We
finally make a note that Eq. (E8) is a very general expression
that holds for arbitrary resetting time density, potential, and
underlying search processes (and not limited to diffusion).
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