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One of the objectives in investigating small stochastic systems is the development of micrometer-
sized engines and the understanding of their thermodynamics. However, the main mathematical tool
used for this purpose, the overdamped approximation, has a critical limitation: it fails to capture the
thermodynamics when the temperature varies over time. We show that heat dissipation and entropy
production computed under this approximation deviate from their true values, and these
discrepancies are termed thermodynamic anomalies. To address this, we analytically derive
expressions for these anomalies in the presence of a general time-varying temperature. A key feature
of the result is that high viscosity and small mass, though both leading to the same overdamped
equations, yield different anomaly relations. Our results have broad implications, particularly for
accurately evaluating engine efficiency in overdamped environments with time-varying temperatures
and provide a method for estimating the kinetic energy of an overdamped system.

Recent studies on stochastic systems have driven significant advancements
in thermodynamics at the microscopic scale. These advancements have
enabled the miniaturization of heat engines to a microscopic level' ™, par-
ticularly using a single colloidal particle in overdamped environments™*".
The dynamics of such small systems are often analyzed by considering only
their position trajectories while neglecting velocity variables. This simplifi-
cation is justified because experimental systems are typically overdamped,
meaning that velocity relaxes to equilibrium much faster than position
dynamics in environments with high viscosity or negligible inertia effects.
Due to its simplicity in mathematical handling, this overdamped approx-
imation is widely employed to describe the dynamics observed in meso-
scopic experiments involving typical fluids. In addition, this approximation
is, in some sense, inevitable, as accurately measuring velocity in overdamped
systems is challenging due to its rapid relaxation.

However, the overdamped approximation does not always guar-
antee accurate estimation of thermodynamic quantities, such as heat and
entropy production (EP), even in environments with high viscosity or
small mass. One example is a system with a position-dependent
temperature’®. In such systems, EP calculated under the overdamped
approximation differs from that obtained using the full underdamped
formalism, which explicitly accounts for the velocity variable'. The
difference between the two EPs is attributed to the symmetry breaking of
time and velocity. As shown in this example, the finite discrepancy
between thermodynamic quantities calculated under the overdamped

approximation and the underdamped formulation is referred to as a
thermodynamic anomaly".

Therefore, thermodynamic anomalies play a crucial role in calculating
thermodynamic quantities when velocity measurement is challenging.
Despite their importance, there has been no systematic study on thermo-
dynamic anomalies induced by time-dependent temperature, aside from
several reports on specific systems'” . Investigating these anomalies in
systems with time-varying temperature is essential due to their broad
applicability in both theoretical and experimental contexts. This is parti-
cularly relevant in the field of microscopic heat engines, where temperature
varies periodically over time. Indeed, numerous microscopic heat engine
models have been proposed over the past two decades””"™. If these
anomalies can be properly evaluated and accounted for, thermodynamic
quantities related to such engines might be accurately calculated using the
simpler overdamped formalism, without requiring velocity measurements.

Here, we explicitly calculate the thermodynamic anomalies in heat and
EP for systems with general time-varying temperature. Our results
demonstrate that the two conditions, high viscosity and small mass, result in
different thermodynamic anomaly relations, though both leading to the
same overdamped dynamics. Moreover, we also find general anomaly
relations in between the two conditions by introducing the two-parameter
Brinkman’s hierarchy method. This indicates that accurately estimating
thermodynamic quantities in overdamped systems with time-varying
temperatures requires understanding the underlying mechanism that leads
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to the overdamped regime. Through numerical examples, we demonstrate
that heat, efficiency of a heat engine, and kinetic energy can be accurately
estimated in overdamped environments without the need for intricate
velocity measurements, even when the temperature varies relatively quickly.

Results
Setup
Consider a one-dimensional Brownian particle of mass m immersed in a
reservoir with a time-varying temperature T(t). The position and velocity of
the particle at time ¢ are denoted by x, and v,, respectively. The motion of the
particle is described by a stochastic differential equation known as the
underdamped Langevin equation, given by
X, = vy, mv=f(x, M) =y +1,, ¢y

where f(x,, A;) denotes an external force applied on the particle, A, represents
a given time-dependent protocol, and y is the viscous coefficient. #; denotes
the thermal Gaussian-white noise characterized by a zero mean and the
autocorrelation (1,4,) = 2yT(t)8(t — t') with the Boltzmann constant set
to kg = 1. Both conservative and nonconservative forces can be included in
fixy Ap). The probability distribution P,q(x, v, t) for the stochastic variables x;
and v; at time t is governed by the following Fokker-Planck (FP) equation™":

atPud(xv v, t) = ‘Cudpud(xa v, t) ) (2)

where the underdamped FP operator L 4 is defined as

(€)

1 T(t)
gud = _axv _aav f(xa/l) —yw- ))781/

We now turn our attention to the thermodynamics of the system.
According to the first law of thermodynamics at the trajectory level”, the
mean value of heat rate Q in the underdamped system is given by

(Qu =+ Vony, (4)

where the symbol o denotes the Stratonovich product and (-} 4
represents the ensemble average taken over the probability distribution
P4(x, v, t). The expression of the heat rate in Eq. (4) is equivalent to

Qg = / dx / dv my T e, v, ) 5)

where J™,(x, v, t) is defined as

(x, v, 1) = (—H—
m

ern(zt) av> P(x,v,1). (6)

Then, the rate of total EP can be expressed using J' (x, v, t) as follows™*:

(Stot)ud =/ dx/

Time scales and overdamped equations

There are four characteristic time scales in this setup: (i) the velocity
relaxation time 7, = m/y, (ii) the time interval between two consecutive
observations of the system 75, (iii) the time scale of temperature variation
Tymp» and (iv) the typical time scale of x-variable (overdamped) dynamics
Tod- When the condition 7,/7,ps << 1 is satisfied, the velocity is always relaxed
to equilibrium for any observation time. If the temperature is time-inde-
pendent, the overdamped description using only the x variable is valid under
the single condition 7,/74,s << 1. However, if the temperature is time-

( m]lﬂ’

7
yT(t)Pud ( )

dependent, the overdamped approximation also depends on Ty for
example, when 7y, = 7 (indicating very rapid variation of temperature), a
proper overdamped description cannot be obtained, as explained in the
Supplementary Note 5. Thus, in this study, we consider the following
hierarchy of time scales to guarantee a proper overdamped limit: 7, <« Tops <
Tod = Ttmp-

On these time scales, the systematic overdamped approximation can be
carried out using Brinkman’s hierarchy method’"””. This method provides a
systematic way to expand the probability distribution P,4 and obtain the
overdamped limit. Conventionally, there have been two approaches to such
expansions: (i) the small-mass expansion and (ii) the inverse viscous (large
y) expansion. In the absence of time-varying temperature, these two
expansions converge to the same overdamped limit with identical ther-
modynamics. However, in the presence of time-varying temperature, we
find that the two expansions no longer converge to the same limiting
thermodynamics. Mathematically, the limit 7 = 7,4/7, > 1 alone is not
sufficient to uniquely characterize the thermodynamics of the overdamped
limit. In fact, apart from 7, another parameter, v = V,,4/ V4, where V4 and
V,q represent the characteristic velocities in the underdamped and over-
damped dynamics, respectively, plays a crucial role. (See Methods, near Eq.
(21), for the definitions of V,,4 and V,4.) Essentially, the presence of time-
dependent temperature turns this into a two-parameter expansion problem.

For mathematical convenience, we absorb the parameter v into the
dimensionless scaling exponent z via the relation v = 7°. This allows us to
systematically investigate the overdamped behavior of the system for var-
ious values of z in the large-7 regime. As elaborated in the Methods section,
we note that z = 0 corresponds to the inverse viscous expansion and
therefore we call it the large-y limit. Similarly, z = 1/2 corresponds to the
small-mass expansion and therefore it is referred to as the small-# limit.
Moreover, 0 < z < 1/2 represents an intermediate overdamped regime, which
has not been explored and may correspond to a specific overdamped
experimental setup. Note that the overdamped limit formally exists for
T > 1, where inertial effects become negligible compared to viscous
damping. However, the precise thermodynamic behavior realized in this
regime depends on the scaling parameter v, which determines whether the
system approaches the large-y, the small- limit, or an intermediate limit. In
other words, while 7>> 1 ensures overdamped dynamics, the nature of the
resulting limit is dictated by v.

Through this method, we first derive the overdamped approximation
of the underdamped FP equation (2). The detailed derivation is presented in
the Methods section. Regardless of the z value, the resulting equation is the
same as the usual overdamped FP equation, as shown below:

atpod(x7 t) = _ax]od(x1 t)7 (8)
where Puy(x, ) JdvPua(x, v, 1) and Jog(x,t) =y (flx, 1)—
T(t)0,)P.4(x,t). Therefore, the corresponding overdamped Langevin
equation is

%, = f(x, A) + 1, )

which is identical to the expression obtained by simply neglecting the inertia
term in Eq. (1).

Thermodynamic anomalies
Conventionally, the mean heat rate of the overdamped equation (9) is
known as™

(Qog = —{f(, 1) 0 §) g = — / df e Vg, (10)

where .-} o4 denotes the ensemble average taken over P.4(x, ).
Additionally, the rate of total EP in the overdamped approximation is
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conventionally expressed as’*”’

[ed] 2
< )’] od
— d .
(Stot)od [oo * T(t)Pod

These two expressions, Egs. (10) and (11), accurately quantify heat and EP
in overdamped dynamics when the temperature is time-independent.
However, if the temperature has time dependence, the overdamped
approximations of Egs. (5) and (7) do not conincide with Egs. (10) and (11),
respectively. We refer to this discrepancy as the thermodynamic anomaly.
Our main result is the explicit expressions for these anomalies. First, we
calculate the heat anomaly, defined as ./, = (Q)ud = (Q)og- To evaluate
o/ o, we need to expand (Q),q as a non-positive power series in 7. As

explained in the Supplementary Note 2, the order of (Q) od i O(T711%),
which is less than or equal to the order of (Q) 4. Therefore, by retaining all
terms up to order 7"'** in the expansion, we can evaluate ./ , consistently
up to the order of (Q), 4. As detailed in the Supplementary Note 2, the result

18

(11

forz=0,

I _mf
27 4
%Q:{ ;
3 for 0<z<1/2.

=

(12)

Therefore, the anomaly depends on z, unlike the dynamic equation. The
orders of the terms T/2 and mT /4y are O(z") and O(z "), respectively, and
are independent of z. In contrast, the order of (Q) 4 depends on z and is
given by O(z7'%). Therefore, for z = 0 (high-viscosity regime), among the
three terms contributing to (Q) 4, T/2 is the leading-order term, while the
other two terms, (Q) 4 and mT /4y, are of the same higher order O(z™"). For
0<2<1/2,(Q) oy is of higher order than T/2. Finally, for z = 1/2 (small-mass
regime), T /2 and (Q)Od are of the same order, O(7"). Note that the order of
each term mentioned above is estimated using the dimensionless formalism
presented in the Methods section. An interesting feature of .« is that the
time-accumulated ./ , depends only on the initial and final information of
the temperature, not on the temporal protocol, even though heat is not a
state variable. Furthermore, ¢/ , is independent of the external force applied
to the system.

The heat anomaly arises from neglecting the velocity degree of freedom
in the overdamped approximation. This approximation implicitly assumes
that the velocity is always relaxed to its equilibrium state. Consequently, for
constant temperature, the kinetic energy Ex remains unchanged, resulting
in no additional heat exchange with the environment. However, when the
temperature varies with time, Ex also changes, leading to additional heat
exchange with the environment. This is the origin of the heat anomaly. As
demonstrated in Supplementary Note 4, an explicit relation between ./,
and Ey is given by

_mT

forz=0,
y (13)

(Ex) = oA g or (Ex) g =
: < Klud { for0<z<1/2.

NN N

up to the order of (Q) 4.

Similarly to the case of heat, the total EP exhibits a discrepancy between
Eq. (7) and Eq. (11). The EP anomaly, defined as .o/ = Siot)ud = Siot)od
up to the same order of (S} 4> is

)
z(3) ifz=o0,
0 if0<z<1/2.

A= (14)

The details of the calculations are provided iHZSupplementary Note 3. Thus,
/s also depends on z. The order of 22(T/T)" is O(r™") and is independent
of z,.whereas the or.der 02f (Smt) od 18 O(T’”Z"‘). Therefore, for z= 0, the orders
of (Sy¢)oq and i (T/T)" are the same, O(t "). For 0 < z<1/2, there is no EP

anomaly appears in this range of z, even though .7, remains finite. Unlike
o/ o, the time-accumulated .7 § for z = 0 depends on the temporal protocol
of the temperature due to the squared term of the time derivative of the
temperature. Moreover, Eq. (14) indicates that (S,o,) 4 > (Sy)oq- Similar to
the case of position-dependent temperature'’, the finite .o7¢ for z = 0
originates from the breaking of time- and velocity-reversal symmetry at the
microscopic level. However, for 0 < z<1/2, the extent of this symmetry
breaking is negligible compared to (S,,) 4 leading to the absence of the
anomaly.

Estimation and control of z

In general, a system becomes overdamped for large 7. However, the specific
nature of the overdamped system is determined by the parameter z; in
particular, the thermodynamic anomalies depend on z. Thus, identifying or
controlling z of a given system is crucial for precisely estimating the
anomalies in overdamped dynamics. Yet, it is not straightforward to esti-
mate z directly from experimental or simulation setups. Therefore, it is
necessary to devise a scheme for its estimation.

Here, we propose an experimental or simulation method to esti-
mate or control the exponent z. Adjusting z can be achieved by simul-
taneously varying the amplitudes of both the external force and the
temperature. The underlying framework used in our analysis is the
Brinkmann hierarchy, which is constructed by expanding the prob-
ability density in Hermite polynomials of the velocity variable. This
expansion transforms the Fokker-Planck equation of the underdamped
dynamics into an infinite hierarchy of coupled equations for the
expansion coefficients, (see Methods, Eqgs. (18)-(20)), thereby system-
atically capturing the dynamics across progressively higher moments.
This coupled coefficient equation can be recast in dimensionless form,
Eq. (21), by introducing dimensionless time, position, and temperature.
This dimensionless equation is necessary for performing a systematic
expansion in terms of the dimensionless parameter 7. To illustrate the
estimation scheme for z, we consider how the following magnitude
adjustments of the force and temperature affect the dimensionless
coupled hierarchy equations:

f—1% and T— 17°T, (15)

where ( serves as a control parameter. Under this transformation, the
dimensionless equation (21) remains invariant, with the only modification
being a shift from v=7"tov' = 7274/2 35 shown in Eq. (22). The details of
the transformation are provided in the Methods section. This clearly indi-
cates that the exponent z can be controlled by adjusting ¢, or equivalently, by
varying the magnitudes of fand T.

In practice, the exponent can be estimated or set to an appropriate
value by comparing the magnitudes of the T/2, (Q) .4 and mT /(4y). In the
setup with the magnitude adjustment (15), the orders of T/2 and mT /(4y)
are O(7°) and O(7™"), respectively, whereas the order of Q) od depends on
z— {2as (Q) g ~ O(z~+2=U/2) Now, we can estimate T/2, (Q) g, and
mT /(4y) by varying {, as shown in Fig. 1. If the magnitudes of (Q) 4 and
mT /(4y) become comparable, it implies that — 14 2(z — {/2) ~ — 1, which
yields z =~ {/2. On the other hand, if the magnitudes of (Q),4 and T/2
become comparable, it signifies — 1 + 2(z — {/2) = 0, which yields z = {/
24172

To verify this method numerically, we consider a Langevin system with
an external force f = kox and a time-dependent temperature
T(t) = 2 + sin(t). Here, we set Ty, = 277 = 7,4, Which is the period of the
temperature variation. Thus, 7 = 27ry/m. The parameters are set as ko = 1,

y=1,and m = 0.01 (small-m condition). Figure 1 shows the plots of (Q) o4
T/2, and mT /(4y) as functions of {. Comparing the magnitudes of (Q)
with mT /(4y) or T /2 consistently leads to z = 1/2, which corresponds to the

small-m setup.
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The emergence of the value z = 1/2 can also be understood as follows.
The relation v = 7° = V4/Vyq leads to

Ty T,
V. 20 fod
In ln<\/;l°d)

Th T TmE)

(16)

where the expressions for V,,4 and V4 are given in Eq. (21). The typical
length scale of this systems 4 can be defined from the second moment of the

distribution, i.e., I,y ~ \/(x?) ~ \/T,/ko- Then, Eq. (16) reduces to

_In7yy —3lnm a7)

- )
Int g — Inm

where ky=1and y = 1 are used. Here, 7,4 can be chosen as either y/ky =1 or
Tump = 277. However, regardless of the choice of 7,4, z approaches 1/2 in the
small-m limit.

We note that the exponent can also be extracted from the scaling
behavior of (Q) 4 ~ 771+ by varying 7. However, this approach may not

be suitable, as adjusting 7 requires varying m or y, which are typically fixed

0.01

1074

Order of Magnitude

Fig. 1 | Control parameter dependence of heat-rate and anomaly magnitudes.
Order-of-magnitude plot of the underdamped heat rate (Q) 4, overdamped heat rate
(Q) 4> and the two heat anomaly terms T /2 and m T /(4y) as functions of the control
parameter ( for a particle confined in a harmonic trap and immersed in bath with
time-periodic temperature T(t) = 2 + sin(t). The parameters used for this plot are
stiffness ko = 1, viscous coefficient y = 1, and mass m = 0.01. The { values at the two
crossing points - between (Q)nd and T /2, and between Q) oq and mT/ (4y) - are
highlighted by the orange and purple vertical lines, respectively. The orange and
purple lines are located at { = 0 and { = 1.03, respectively. These crossing points are
used to estimate the exponent z, which is found to be z = 1/2. For each ¢, the values of
(Q)ua> (Q)og» T /2, and mT/(4y) correspond to their maximum absolute values
within one period in the periodic steady state.

parameters in most experimental setups rather than controllable variables.
In contrast, adjusting the magnitudes of fand T is more straightforward.

Heat rate in heat engine

The effects of the thermodynamic anomalies can be significant in engine
systems. As an example, consider a Brownian Carnot engine experimentally
realized by Martinez et al.’. The schematic diagram of the engine is depicted
in Fig. 2(a). In this engine, a Brownian particle is confined in harmonic
potential with a time-dependent stiffness k(t): during the compression phase
0<t<tp/2, k(t) = ko + k, 12/ tlzj; during the expansion phase #,/2 <t < t,
k(t) = ko + ky(t, — t?/ t;, where £, denotes the period of the engine. Each
cycle of the engine is divided into four processes based on the temperature
variation: (i) an isothermal process, T(f) = T for 0 < t < t,/4; (ii) an adiabatic
process, T(t) = T.,/ko/k(,/4) for t,/4 < t < t,/2; (iii) an isothermal process,
T(t) = Ty, for t,/2<t < 3t,/4; and (iv) an adiabatic process, T(t) =
Ty, /x®/kGt,/4) for 3t,/4 <t < t,. The time variations of k(¢) and T(t) are
visually presented in Supplementary Note 6.

To validate our theoretical results numerically, we simulate the engine
model for three different values of y, while keeping all other parameters
fixed. Figure 3 shows the plots of the three heat rates, (Q)ud, (Q) od» and
(Qodsan = (Qoa + </ o, as functions of time for y = 10, 100, and 1000. In
this calculation, .o/ Q for z = 0 is used, since the mass is taken to be of order
unity in this example. As shown in the figure, for y = 10, the three heat rates
do not coincide, because y is not sufficiently large to ensure the validity of the
overdamped approximation. However, as y increases, Q) od-an approaches
(Q) > whereas (Q) 4 does not. (Q) 4 coincides with (Q) 4 only during the
isothermal process, where the temperature remains constant and no heat
anomaly arises. We note that constructing finite-time adiabatic processes in
the underdamped regime remains an open challenge”. Therefore, we adopt
an adiabatic process in which heat does not flow only in the quasi-static
limit".

Efficiency of heat engine

Under the same setup, we evaluate the three different efficiencies: #,4, /o4, and
Hud+an Using the underdamped formulation, overdamped formulation, and
overdamped formulation incorporating the heat anomaly, respectively. To
operate the engine close to the quasi-static limit, we increase £, to 50, 000. The
details are presented in the Methods section. Figure 3(b) shows the resulting
plots of #ug, #od> a0 #odan s functions of y. Here, .7, for z = 0 is used to
evaluate #oq.an. Note that the contribution of the anomaly to heat becomes
more significant in the large-y regime, as presented in Supplementary Note 2.
This results in the efficiency discrepancy between 7,4 and #odran. AS y
increases, only #oq.ran converges to #,q, whereas #,q deviates significantly
from the other two. This highlights the substantial impact of the anomalies on
the accurate calculation of thermodynamic quantities in heat engines.

Estimation of kinetic energy
In some cases, evaluating kinetic energy in overdamped systems is necessary
for accurately estimating thermodynamic quantities*>. However, directly

2000 (a> Em““"'---.: 2000 »tb) """"""""" zooo»'((’,) |
0 .,.,.,,%i - 1000¢ 1000F | |
—~ 0 0 : ” 1
< ~2000/ (O ; 1000k : A rooo ..;'"A
~4000 (Q)oa . _2000t (..___.-‘ I ,.ii
-6000f|"++ {@)odan i -a000} S 3 /
0 4 t/2  st,/4 0 t/4 472 st,4 ¢, 0 t/4 42 st,4 ¢,
t t t

Fig. 2 | Heat-rate evolution for overdamped, underdamped, and anomaly-
adjusted dynamics. Mean heat rate as a function of time ¢ for the overdamped case

(Q) og> underdamped case (Q),4 and anomaly adjusted overdamped case (Q),q.an-

Parameters: time period £, = 0.2, mass m = 1, and viscosity coefficient (a) y = 10, (b)
y =100, (c) y = 1000.
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Fig. 3 | Numerical analysis of a finite-time Brownian Carnot engine. a Schematic
diagram of a Brownian Carnot Engine depicting its four stages of operation in each
time-cycle. The figure shows the thermodynamic cycle of the engine in a clockwise
direction, consisting of four key processes: isothermal compression, adiabatic
compression, isothermal expansion, and adiabatic expansion. The temperature of
the surrounding heat bath is represented by the outer colored ring, while the com-
pression and expansion processes are indicated by variations in potential strength
within each quadrant. b Efficiencies #yd, #od> and #od-+an as a function of y for the
Brownian Carnot engine. The Carnot efficiency bound 7 is also shown in the plot
for reference.

measuring kinetic energy in such systems is experimentally challenging, as
velocity rapidly relaxes to equilibrium. Therefore, state-of-the-art experi-
mental setups*~* are required for precise kinetic energy measurements. To
overcome this technical difficulty, a method, called time-averaged velocity
(TAV) method, for estimating kinetic energy was proposed, where kinetic
energy is inferred from measurements of the mean square velocity sampled
at frequencies several orders of magnitude lower than the velocity relaxation
frequency”. However, the TAV method, is limited to systems with a
Brownian particle trapped in a harmonic potential and is accurate only for
quasi-static processes, failing for moderately fast temperature variations, as
shown in Supplementary Note 7. In contrast, Eq. (13) directly provides an
accurate kinetic energy estimate even for rapidly varying temperatures.

Performance comparisons between the TAV method and our approach are
presented in Supplementary Note 7.

Discussion

We derive explicit expressions for heat and EP anomalies in systems
immersed in an environment with a general time-varying temperature.
Using a cyclic engine as an example, we demonstrate that thermodynamic
quantities such as heat and efficiency estimated within the overdamped
description can significantly deviate from their correct values if these
anomalies are not properly considered. An important point is that these
anomalies depend on the exponent z, which relates the two scaling para-
meters, v and 7, introduced for the systematic overdamped approximation.
Therefore, it is crucial to estimate z for precise calculation of thermodynamic
quantities. We propose an experimental method to estimate or control z by
adjusting the amplitudes of force and temperature. It is worth noting that the
applicability of our method extends beyond the linear regime developed by
Brandner et al."’, where the variations in temperature and force are small.

Our results allow for accurate estimation of thermodynamic quantities
in overdamped systems without requiring complex or challenging experi-
mental techniques to directly measure the system’s fast-relaxing velocity.
Instead, by simply incorporating the anomalies into the corresponding
quantities computed within the overdamped description, we can achieve
accurate measurements. Furthermore, our findings provide a straightfor-
ward method for estimating kinetic energy even for overdamped systems.
Consequently, our results offer the systematic way for an accurate study of
thermodynamics in a wide range of overdamped systems with time-varying
temperature. One particularly interesting example is an overdamped par-
ticle subject to active Ornstein-Uhlenbeck process (AOUP) noise”. This
system can be mapped onto an effective underdamped dynamics, from
which the overdamped dynamics can be derived in the small-persistence-
time limit. Since this mathematical setup is essentially the same as ours, we
expect that our method can serve as a platform for evaluating accurate
thermodynamic quantities in active systems.

Since our analysis is based on the condition that the temperature
variation is not rapid (Tymp = Toa), it is worth commenting on the relevance
and limitations of applying our anomaly estimates to quenching protocols,
where the bath temperature changes instantaneously. For example, recent
studies'®* have demonstrated that instantaneous temperature variation can
be used to make an optimal protocol for connecting distinct states. As noted
in the Supplementary Note 5, a rigorous overdamped limit cannot be
achieved when the temperature varies rapidly (zimp = 7). In such cases, the
dynamics should, in principle, be described by underdamped equations.
Thus, investigation of anomalies under rapidly varying temperature pro-
tocols is left for future work. Nevertheless, apart from the very short duration
of rapid temperature changes, our overdamped formalism remains
applicable in a piecewise manner.

Methods

Brinkman’s hierarchy method with two scaling parameters
Define Py = vy ' Py(x, v, 1), where y = Ne ™ with the normalization
factor N = [21T(t)/m]~ ‘and @ = 2'%). Using the nth eigenfunction v,
of a harmonic oscillator given by

I/’n = \/zln_n!llloHn (\/#([)V) )

where H,,(x) denotes the Hermite polynomial, P4 can be expanded as

(18)

pud = Z Cn(x7 t)‘/’n . (19)
n=0

Note that ¢y(x, £) = Pog(x, t) as explained in Supplementary Note 1. Sub-
stituting Eq. (19) into the Hermitianized Fokker-Planck equation yields the

Communications Physics| (2026)9:140


www.nature.com/commsphys

https://doi.org/10.1038/s42005-026-02566-y

Article

following coupled equation for the coefficients c,, (for n>0):

_ [+ DT vn B
atcn - m aan+1 + \/F(t) [f(x7 At)

T
e 2;3) (Vo =D +1e,)

m

T(t)ax]cnf1

(20)

The detailed derivation of Eq. (20) is provided in Supplementary Note 1.

Furthermore, it is shown in SM that the high-viscosity and the small-
mass limits result in different expressions for heat and EP. To address this in
a systematic way, here, we present a unified perturbative scheme, Brink-
man’s hierarchy with two-scaling parameters, capable of exploring not only
these two limits but also the intermediate regimes.

To achieve this, we convert Eq. (20) into a dimensionless form by
introducing the characteristic time and length scales of the overdamped
system, denoted as 7,4 and g4, respectively. We note that although there is
freedom in choosing the specific value of 7,4, the choice is not arbitrary, as
our analysis is carried out under the condition 7oq = Tymp. Using these, we
define the dimensionless time, position, and nth coefficient as f = /7,4,
x=x/l g, and ¢, =1 c,, respectively. Additionally, we introduce a
dimensionless temperature T(¢) = T(t)/ T, where Ty represents the typical
energy scale of the system. These definitions allow us to specify the typical
velocities of the underdamped system, V 4 = /T,/m, and the over-
damped system, Voq = l,a/To4. Using the quantities defined thus far, we can
rewrite Eq. (20) in a dimensionless form as follows:

?E = —vy (I’l + 1)T(t)axcn+1 + V\/E |:f(’1)f(t/1)) 2:| 7”71

1)
(L) (Vtn =156, + )

— Tne, — 27(0)

where v = Voa/Voa T = Toa/Tw T = dT/dt, and f = (I4/T,)f is the
dimensionless force.

Instead of the two parameters m and y in Eq. (20), whose magnitudes
govern the overdamped approximation, the two dimensionless parameters
7and v in Eq. (21) now play this role. Here, 7 is large (7 > 1) because we
focus on the time scales 7, < 7Tops<Tod = Timp- We also anticipate v >> 1, as
Viua > Vo4 is typically expected. To systematically expand the orders in Eq.
(21), we need to establish the magnitude relationship between 7 and v. For
simplicity, we set v = 7°, where z>0, indicating that v is of order O(7°). We
note that z = 0 leads to m ~ T,72,/I%,. Thus, m is a O(1) quantity in the
dimensionless form, which implies that y must be large to satisfy the con-
dition 7>> 1. Therefore, z= 0 corresponds to the high-viscosity limit. On the
other hand, z = 1/2 gives y ~ T7 q4/I%;. In this case, y is a O(1) quantity in
the dimensionless equation, which implies that 1 must be small. Therefore,
z=1/2 corresponds to the small-mass limit. Finally, 0 < z < 1/2 represents an
intermediate regime between the high-viscosity and small-mass limits.

Note that the force and temperature transformations specified in Eq.

(15) lead to
A
(1 + DT80 + 75/ nT(0) {f(;(t) : 4 o

C, =— 5
T
—‘mcn—m( n(n — 1)c,_, + nc )
(22)

%

Thus, the transformation does not alter the functional form of Eq. (21)
except for the rescaling of the dimensionless parameter from v = 7° to
v/ = 750/2, This exponent shift by (/2 arises directly from the combined
scaling of the force amplitude and the temperature. The rescaling fully
captures the impact of the transformation on the dynamical behavior

encoded by Eq. (21). Therefore, this transformation can be used to control
the parameter v for the overdamped approximation.

For 0<2<1/2, substituting v = 7° into Eq. (21) and collecting the
leading-order terms result in (for n =0, 1),

3, = —1°V/Tosz, (23)
¢ =1"TW(f/T - 0:)5 (29

Plugging Eq. (24) into Eq. (23) leads to the following dimensionless FP
equation:

06y = —03J(x, 1). (25)
where the dimensionless probability current J(x, t) is given by
J(x,t) = 77! (f — TBX)EO . (26)

As J(x, t) diverges for z > 1/2, which is physically infeasible, we restrict our
attention to the regime 0 < z<1/2. Note that if we convert the dimensionless
variables in Eq. (25) back to their original forms, the equation becomes
identical to Eq. (8). This shows that the dynamic equations for overdamped
systems are independent of z.

Three different efficiencies: nyg, Nods aNd Nod . an
Under the setup described in the “Efficiency of heat engine” section, we
numerically evaluate the engine efﬁciency n= (W) / {Qy» inaperiodic

ft 0dtk

engine and (Q,,) = fo dt@( )){Q) denotes the heat input to the engine.
Here, the Heaviside function ©(x) is defined as ©(x) = 1 for x > 0 and
O(x) = 0 otherwise. For this calculation, the parameters are set as ko = 2,
ki =64,T,=300,T), = T,./k(,/D/KG, /9, b, = 10°,and m = 1. We evaluate the
input heat in three different ways: using the underdamped formulation (4),

(Qm ud — fOtP dt®( . ud) .
(Qin)od = fo" AtO(Q),)(Q).g; and using the overdamped formulation
with the addition of the heat anomaly (12),

(Qu)ogran = Jo" dO((Q)og + 7 0)((Q)oq + 7). This definition of heat
input, based on the Heaviside function, has been frequently used despite its
drawbacks?. We can also use the alternative definition of heat input, such as
that suggested by Giulia Gronchi and Andrea Puglisi” (see Eq. (6) of the
reference). As a concrete example, we recalculated the efficiency using this
alternative definition and presented the result in Fig. S2 of the Supple-
mentary Note 6.

steady state, where ( )/2 represents work done by the

) ua> Using the overdamped formulation (10),

Note that (W) does not depend on whether the underlying
dynamics are underdamped or overdamped, as the work is evaluated
solely using position trajectories. Then, the efficiency can also be defined
in  three  ways: 7,3 = (W)/(Qu)ugs floa = (W)/(Qun)oar  and
W)/<Qin)od+an'

Data availability

Detailed analytical derivations and numerical estimates are provided in
the Supplementary Information (SI) document. The numerical source data
underlying the plots are provided in the Supplementary Data file. Additional
data supporting the findings of this study are available from the corre-
sponding author upon request.

qod+a.n = (

Code availability

Source code is available from the corresponding authors upon request.
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